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TADEUSZ DLOTKO*

ON PERIODIC BOUNDARY VALUE PROBLEM
FOR A DIFFERENTIAL EQUATION OF n-TH ORDER

Abstract. The problem (1) is investigated. New sufficient conditions are derived for the existence
of at least one solution in the space ‘6’{’(',_';]’. The proof is based on the topological degree method in
the Banach space of solutions.

Let us consider the following problem

(L)) —P(t, x(t),...,x""2@).  x(t) = Q(t, x(t),...,x"~2(1)),

(1 . . )
xP) = xPw), i=0,1,...,n—1, te[0, w], n=2

in which
Lx(t) = ) ax™ (1), a; = const,
i=0
P: [0, w]xR""! > R! is continuous, |P(:)] <M = const,
Q: [0, w]xR""! 5 R! is continuous and

limr~ lj' sup|Q(t x)|dt = for x=(x,,...,x,)eR"™1, |x|<r.
r—+ o o Ix|<r
* Our aim is to demonstrate a sufficient condition for the existence of
a solution of problem (1).
The solution x is here a function x:[0, w]—>R!, xe%{ 1)), satisfying
problem (1).
Let us take the following definitions and assumptions:
%15, w) denotes the space of k times continuously differentiable real functions
in [0, w] with the norm

|x| = Z maxlx")(t)l
i=0100,w]

or
@ |x| = max (maXIx"’(t)I)

i=0 0 ,w)
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or
) |x| = max(|x(Q), |x'(@)],...,[x"~V(0)], I{)laX|x‘"’(t)I),
respectively. (0

REMARK. When P, Q are w-periodic in te R, then the solutions of problem
(1) are w-periodic in t.

Let us now consider the differential operator

(Lx) (@) = agx™(t)+...+a,_,x()+a,, a,#0, te[0, w], n>1,
xD0) = x9w), i=0,1,...,n—1,
and assume that the characteristic equation
W(i) = agd"+...+a,

has nonzero and distinct characteristic roots 4,,...,4

LEMMA 1. For every characteristic polynomial W(A) there exists a real
number p that the characteristic equation

W.(3) = a"+...+ (@, +WA+a,

has distinct and nonzero characteristic roots.

This fact is a consequence of the continuous dependence of the characte-
ristic roots of W,(4) on its coefficients. W,(4) is related to the differential
operator

(L, %) (@) = apx™ (O +...+a,_,X" ) +(a,_, +p)x )+ a,x().
REMARK. It can happen that problem (1) has many solutions, e.g.
x"+4x = sin2t, x(0) = x(m), x'(0) = x'(x),
has a general solution of the form
x(t) = C, cos 2t + C,sin 2t + 1/16 sin 2t — 1/4 cos 2t
and for every (C,,C,) we get a solution of the problem. In this case
exp(4;w) = exp(+2mi) = 1.
But if we consider the problem
x"+4x = sint, x(0) = x(n), x'(0) = x'(w),
then the general solution is of the form
x(t) = C, cos 2t + C, sin 2t + 1/3 sin®t cos 2t — 1/3 cos3t sin 2t + 1/2 cos ¢ sin 2t,

and it contains no solution of the problem.
LEMMA 2. The problem

@ (Lx)(t) = @(t), @is given, xX?0) = x®(w), i =0,1,...,n—1,

has exactly one solution if and only if the problem
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(5) Lx)@®) =0, x90)=x®Dw), i=0,1,2, ...,n—1,

has only the zero solution.

LEMMA 3. If the characteristic roots of the differential operator (5) are
nonzero, distinct and exp(A;w) # 1 for j = 1, 2,..., n, then the solutions of (4) are
of the form

©) x(®) = | Git. ) p(s)ds,
0

where

Y. b; exp(Aft—s) for 0<s<t<w,
Gt, s)=< 731

Y. b; exp(d;(t—s—w)) for 0<t<s<w,

j=1

and
b; = W(A)/(1—exp(4;w)), j=12,..,n
Together with (6) let us consider the vector field
M (Px)(8) = x(t) — (Fx) (1),

or in the explicit form

8) (Px)(t) = x(t)+ ‘f Gt 5)([P(s, x(s),. .., x" " D(s)) + u]x(s)

+0(s, x(s),..., x*"D())ds; xeFfH -

We can now show, that the operation
(Dx) (1) —x(t) = ‘iju(t, S)([P(s, x(s), ..., x® ™ 2(s)) + ulx(s))

+Q(s, x(s), ..., x" " 2(s))) ds

is completely continuous in the space €5 ).
Let {X,} m=1,2,.. =€, % and |x,| <N, where || denotes the ¥{%"}) norm.
From the last inequality it follows that

IXu@DI<N, |xu@I<N, ..., [x0"POISN, m=1.2,...
and te[0, w]. So we can take a subsequence {x,, ()} such that
Xm D) B3, Xm ()3 X@), xp7PO3 X7V, m >0, te[0, wl.

For the derivatives x8 (1), i = 1,2,...,n—2, we have the formulae
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9) (F x,,) ()P = }vaca(; 9 (LPGs,. .., x™~2(s) + u]x(s)

+0O(s, x(s), ..., x® 2’(3))) ds

From our assumptions for the functions P, Q and (9) it follows that

(10 (Fx, ) )P S(Fx)()®, i=0,1,...,n—2.

For i = n—1 we have |x{ V()I<N, x,, (£) 3 x(t), so
wan— 1

1) (Fxp) @0 = [T I (P, x(5), ..., x4 ), )
0

P(t’ xmn(t)’ xg:llk 2)(t) +u
ao

+0(s,.... X D) ] ds+ )

The right hand side terms of (11) converge uniformly as m, — o, so the same is
true for

(12) (Fx,,)®)" Y, m, — oo and te[0, wl.

Relations (10), (11) and (12) guarantee that the operation F defined in (7) and
(8) is completely continuous in the space €[5 1. Together with the vector field
(8) let us consider

13) WX = x®) —}v G,(t, [P(s.x(s),..., x" " 2(s) +ul x(s)ds, x€ b5 -
0

Zero vectors of (7) and (8) and (13) with 4 = O are solutions of problem (1) or
(Lx (t)—[P(t, x(t), ..., x" "2 (@)+ u]l x(t) = O,
xP0) = xPw), i =0,1,...,n—1,

respectively.

Now we can formulate the following theorem.

THEOREM. If we assume that there exists a real number p such that the
problem

(LX) =0, x0) =xPw), i=0,1,...,n—1,

is invertible, and the Green function G (t, s) satisfies the condition

ns1 PG, 9| 4
14 X ds< >
14) ,-Zo [0, w}g o M+ |u|

where |P(t, x(t), ..., X"~ 2(t))| < M for xe %5 ), then problem (1) has at least
one solution in the space €3, .
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REMARK. If we take the space ¢34 with norm (2) or (3) respectively, then
condition (14) has the form

w . 1
15 max max| {|GY(@, s)|ds )<
13 o<is<n—1 [0,w]<£ Wit s) ) M+|p|
or
w w 1
16) max| max GO(t, s)ds|; max || GP V(, s)ds >< .
16 (osisn—l 2‘; bt s) {0, wl £ K ) M +|p|
Proof First we discuss the vector field (13). It is completely continuous

and we shall prove that it is non singular on the sphere Sz = {x: xe %o, .,

|x] = R}. We have the following inequality

x(t)—‘f G,(t, ) (P(s, x(s),..., X" 2(s))+ p) x(s) ds
]

> 1%(0)|—| [ G,t, (P, X(5).., X" 2(5)+ ) x(8)ds .
But °
‘qu(t, S)(P + u) x(s)ds
0
=3 max [TGﬂ(t, s)(P(s,...,x""z’(s))+u)x(s)ds]mi
j=0100,w} 0
n—1 w
= Y max | [ GQ(t, 5)(P(s,..., x"P(s)+p) x(s)ds
j=0l0.v] | o

n—1
< Y, max|GQ(, s)|(IPGs.....x" " 2()|+]u)x(s)| ds
=

J

n—1 w
< ). max [|GP(t, 9)|(M+]|ul)Rds.
j=0l0,wlo

So we have

‘ x(t)——‘j‘: G,(t. $)(P(s,...,x""D(s)+ p)x(s) ds
(1]

ZR— ‘IvGu(t, SYPGs, ... x" "B (s))+ wx(s) ds
0
n—1 w
>R(1—(M+|u|))( Y, max {|G,(t, s)|ds>>0,
i=0[0.%]

From the last inequality it follows that y(x) # 0 for xeSg.
REMARK. It follows form the nonsingularity of  on S for arbitrary R>0
‘that the problem

{(L”x) (&) = (P(t,x(t),...,x" "2+ u) x(t), te[0, w],
xD0) = xPw), j=0,1,...,n—1,

has only the zero solution.
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Now we can see that
7)(‘//, SR) # O,

where y(, Sg) denotes the rotation of the vector field ¥ on Sg. Let us consider
the difference
A(x) = Y(x)— AP (—x) for xe Sz and A>0.
Easy calculations lead to
w P(s, x(s),...,x" "B (s
A(x)(t)=(1+/1)[x(t)—jG,,(t, s)[u+ ( ()1+/1 (5)
(V]

L PO =6, "‘("*2)(8»] x(s) ds] '

1+4
From the last inequality we have
Il//(X)(t)—l!//(—X)(t)I>(1+l)<IX(t)I—' p
0

P(s, x(s), ..., X" D)+ AP, —x(s), ..., —x"D(s))
et 1+4

>(1+/1)R[1— Y max jlc;(ﬂ(: s)|(M+|u|)ds]>O
wl o

x(s)ds

i=olo,

From the last inequality it follows that the vectors y(x) and y(—x) are not
equiparallel in the antipodal points x and —x on the sphere S; and

YW, Sg) # 0.

Now we can demonstrate that the vector field ¢ defined by (8) is nonsingular
on S, and

Y(®P, Sg) # 0.

Let us denote
n—1

0 = (M+|u) Y, max [IGP(, s5)|ds.
ji=0l0,wl o
Then 5€e[0, 1) and
[Wx)()|=R(1—-0)>0 for x eS;.
Let us take R = R, so that
(17)  Ro(1—0)> sup [[G,(t 5)Qfs,...,x" P(s)ds| = const = c.
xegtr-1 o

[0, w]

Then we have

|D(x)—Y(x)| Sc<Ry(1-9)<|Y(x)|, x€8g,

and finally .
() =Y (x)| <[Y(x), xe€Sg,.

If we assume that

(18) lim 1/rj' suplQ(t x)|dt =0 for x =(x,, ..., x,)eR",

r— o o lxI<r
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then the last part of our demonstration must be changed. Beginning with the
formula (17) it is to see, that for sufficiently large R, we have

(19) R, (1— 6)>jsup|G (t 5)0(t, x)|dt, xeR".

o lxl<r

In formula (19) the growth of the left hand side is linear in R, and that of the
right hand side is sublinear. This is, in fact the essence of assumption (18).
As an example of (1) let us investigate

(20) XO(0) — Pl x(t), ..., X" D(O)x(t) = 0, ..., x" (1))
x90) = x¥(1), i=0,1,..,n—1.

Here (Lx)(t) = x™(¢) and we replace (Lx)(t) by (L,x)(®). If we take p = ¢",
0<e<1, then simple calculations lead to the condition

n—-1 _eljt
1 Z W fOI' OSSStSI,
[ GO, s)ds = j=om
0 K n—1 elj‘
Y T for 0<t<p<],
ji=0 j

where ; are the characteristic roots of A" —¢" = 0. Condition (14) takes the form

n—1 _ed(t—1)

ZW—T

0

n—1 e;.jt

1';0”/17_'._1

, max

o<isa-1\[0, 1] [0, 1]

21) max (max

1
>< M+|ul.
and we can formulate the following remark: If the function P is such that
|P|<1, then conditions (14), (15), (16) and (21) are satisfied provided M is
sufficiently small. In other words the problem (20) always has solutions if the
number M is sufficiently small.

REMARK. Various forms of problem (1) have been investigated by many
authors (see [1] — a survey article and [2] — [7]). In the book [6] the linear
form of (1) was discovered by an algebraic method. In [5] the Banach fixed
point theorem was used to derive a sufficient condition for the existence of
solutions. In [7] the Schauder fixed point theorem was applied and the author
generalized certain results in [4].

In our article the existence of solutions of (1) has been proved using the
topological degree method. This appears to be the first attempt to use this
method for solving problem (1).
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