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O N S O M E S O L U T I O N S O F T H E S C H R Ö D E R E Q U A T I O N 

I N B A N A C H S P A C E S 

JANUSZ WALORSKI 

Abstract. The aim of this paper is to prove results on solutions of the 
Schröder equation (1) defined on cones in Banach spaces and having some 
properties connected with monotonicity and boundedness. 

We consider the Schroder equation 

(1) ¥>(/(*)) = pcp(x) 

in which <p is an unknown function and the function / is given. In [4; Ch. 
VI, §4] equation (1) is considered in the real case, among others in the class 
of functions such that the function "x -* ip(x)/x" is monotonie (see also 
[5; section 2.3F]). This class of functions is connected with classes of convex 
(concave) functions. In the paper we propose to study equation (1) for 
functions defined on cones in Banach spaces under an assumption which in 
the real case means that the function "x —> <p(x) — x" is either monotonie 
or bounded. 

Let (X, || • ||) be a Banach space and K ^ {0} be a closed cone in X with 
non empty interior, i.e. (cf. [3; Definition 2.1]), K is a closed subset of X 
such that K + K C A', tK C K for every t > 0, A' n (-A') = {0} and Int 
K ^ 0. 'We define a (partial) order < on X by 

x < y y - x 6 A' 

and note the following simple lemma (cf. [3; p. 208]). 
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L E M M A 1. Suppose xn G X for n G N. If l im„_oo %n — 0- for every 
a G IntA' there exists an N G N such that xn < a for n > N. 

Let A : X —• X be a completely continuous linear operator, i.e. .-1 is linear-
and maps bounded subsets of X into relatively compact ones. We assume 
additionally that 

AK C A' 

and for every x G K \ {0} there exists a positive integer n such I hat /t".T G 
IntA'. By the Krein-Rutman theorem [3; Theorem 6.3] there exist exactly 
one vector u G Int K and exactly one continuous linear functional <y: A' -> R 
such that 

Au = pu, 

g(Ax) = pg(x), x G X, 

g(x)>0, xeK\{9}, 

I H | = 1 , g(u)=l, 

where p denotes the spectral radius of A: 

p= lim | U n | | 1 / n . 

Of course p > 0. 

1. Assume 
P * 1 

and let / : K —• A' be a function such that f(8) = 0 and 

(2) lim fn(x) = 0, x G A'. 
n—•oo 

L E M M A 2. Let 93 : A' —* M. be a monotonie solution of (I) such that 
<p(a) = 0 for some a G IntA'. If either <p is increasing and (p{0) >• -.00, or 9 
is decreasing and tp{0) < 00, then <p = 0. 

P R O O F . We may (and we do) assume, that <p is increasing. Then <p(0) < 
(p(a) = 0. In particular <p(0) is finite. Hence, since <p \» a solution of (1), 
<p(0) = 0. Now, if a; G A' is arbitrarily fixed then according to (2) and 
Lemma 1 there exists a positive integer n such that 

/ n (x) < a 
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whence 

0 = />'V(0) < pn<p(x) = <p(fn(x)) < V(a) = 0 

and cp(x) = 0. • 

Arguing similarly we can prove also the following lemma. 

L E M M A 3. Let (p : K —• R be a monotonie solution of (1) such that 
< °° for some a € Int A'. If either <p is increasing and <p(0) > -co, or 

<f is decreasing and (p(6) < oo, then <p is finite-valued. 

Denoting 

Ao-=A\K, g0:=g\K, 

we have the following result. 

T H E O R E M 1. Assume that the function f is increasing and f - A0 is 
monotonie. Then: 

(i) For every x e K the sequence 

(3) (9(r(x))/pn)n&, 

is monotonie and the function <p0 : K -* [0,co] given by the formula 

(4) := lim 
n—<-oo pn 

is an increasing solution of (I). 
(ii) Suppose f- A0 is increasing. Then the function fo~9o is increasing, 

and if <p : K R is a solution of (1) such that <p - g0 is increasing and 
(p(0) > -co [resp. <p -g0 is decreasing and <p(0) < oo] then <p0 < <p [resp. 
V < <fo] and 

<p(a) = ipo(a) < oo for some a £ Int A' implies <p - <pQ. 

(iii) Suppose f - A0 is decreasing^Then <p0 is finite-valued, the function 
ipo - g0 is decreasing and if <p : K R is a solution of (1) such that (p-g0 is 
increasing and (p(0) > -co [resp. <p - g0 is decreasing and <p(0) < oo] then 
<Po < <p [resp. <p < (po) and 

<p(a) = <p0(a) for some a€ Int A' implies <p = <p0. 

P R O O F . Denote 

F:=f-A0. 
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Since F{0) — 0 and F is monotonie, we have 

0 < F or F < 0, 

i.e. 
A0 < f or f < A0. 

In the first case 

9{f(x)) > 9{Ax) = pg(x), x e A', 

which shows that for every x £ K the sequence (3) is increasing. In the 
second case it is a decreasing sequence. Moreover, 

n—• oo pn n-*oo pn+l 

for every x € A', i.e. ipo is a solution of (1). 
Of course the function ipo is increasing. Using induction it is easy to check 

that 

( 5 ) i£Sf» = * ) + £ * M x e K , n e „ . 

Therefore 

fc=0 ' 

Consequently, if F is increasing [resp. decreasing] then so is </?o — <7o-
Suppose now that F is increasing and let <p : K —>• R be a solution of 

(1) such that if — go is increasing and (p(0) > — oo. Then go < <f a nd, 
consequently, 

(6) = I € A - , „ e N , 
y9" pn 

whence <po < V- Assume now that <p(a) = <po(a) < oo for some a € IntA'. 
According to Lemma 3, <po is finite-valued. Denoting 

ip:=(p-g0 

we have 
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whence 

W £SL = v**) - M*), * € A'. 

In particular, (p-ip0 is an increasing function. Since it is also a non-negative 
solution of (1) and vanishes at a, according to Lemma 2 it vanishes every­
where, i.e. ip = if0. In the case where <p~9o's decreasing we argue similarly. 

Finally suppose that F is decreasing. As we noted, for every x e K the 
sequence (3) isjhen decreasing and, consequently, ip0 is now finite-valued. 
Let <p : K -> R be a solution of (1) such that <p - g0 is increasing. Then 
(6) holds and this gives <p0 < (p. Assume now that <p(a) = <pQ(a) for some 
o G IntA". As previously (cf. in particular (7)) we see that <p-ipQ is a solution 
of (1) which is increasing, non-negative and vanishes at a. An application 
of Lemma 2 gives <p = (p0 and ends the proof. • 

R E M A R K 1. If p e (0, oo) and A : R R is given by the formula Ax - px 
then the vectors obtained from the Krein-Rutman theorem for this A (and 
A' = [0,oo)) are: u = 1, g = id a . Consequently, we have the following 
corollary. 

COROLLARY 1. Let p e (0,1) and assume that f : [0,oo) -> [0,oo) is an 
increasing function such that 

lim fn(x) = 0, x e [0,oo), 
n—»oo 

and tiie function 

(8) —•/(*)-pa:, a;6[0,oo)" 

i s monotonie. Then: 
(i) For every x G [0, oo) t/ie sequence (fn(x)/pn)n& is monotonie and the 

function <po'- [0,oo) [0,oo] defined by 

(9) ^(a) := lim 
n—*oo pn 

is an increasing solution of (1). 
(ii) Suppose (8) is increasing. Then tlw function "x —• <pQ(x) - x, x e 

[0, oo)" is increasing, and if <p : [0, oo) -» R is a solution of (I) such that 

(10) "x —> <p{x) - x, x£ [0, oo)" 
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is increasing and y>(0) > -oo [resp. (10) is decreasing and <p(0) < oo] then 
Vo < V [resp. <p < (p0] and 

(iii) Suppose (8) is decreasing. Then <p0 is finite-valued, the function 
"x —• <Po(x) - x, x eĄ0,oo)" is decreasing, and if <p : [0,oo) -s- R is a 
solution of (I) such that (10) is increasing and y>(0) > -oo [resp. (10) is 
decreasing and <p(0) < oo] then y?0 < *P [resp. <p < <p0] and 

<p(a) = (p(a) for some a € (0, oo) implies tp = (p0. 

R E M A R K 2. Let p e (0,co). If a function f : [0, oo) -»• [0,oo) is convex 
[resp. concave], /(0) = 0 and px < f(x) [resp. f(x) < px] for x £ [0,co), 
tiien the function "x —• f(x)- px, x e [0, oo)" is increasing [resp. decreas-

P R O O F . Consider the case where / is convex, fix x,y G [0, oo) such that 
x < y and let t = x/y. Then L 

f{x) -px = f(ty) - pty < tf{y) - pty = t(f(y) - py) < f(y) - py. 

R E M A R K 3. In the real case we have a condition of Seneta (see [5; Theo­
rem 1.3.2]) which guarantees that <po is finite-valued. 

The following example shows that the solution (p0 need be neither convex 
nor concave. 

E X A M P L E 1. The functions 

(p(a) = <po(a) < oo for some a 6 (0,oo) implies ip — <p0. 

>ng]-

• 

for .re [0,2], 

for x G (2,4], 

for x 6 (4,oo) 

and 
x + F(x), x 6 [0,oo), 

are increasing, and 

0 < f(x) < ^x, x > 0. 
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Since 
2~nx for are [0,2], 

2~ n + 1 for a: 6(2,4], 

[ 2~"x - 2~"+1 for .7:6(4,6], 

and p - \ the function y>o|[o,6] given by (9) is of the form 

ipo(x) = « 

x for a: 6 [0,2], 

2 for x 6 (2,4], 

x - 2 for x 6 (4,6]. 

Hence Vo|[o,6] ' s neither convex nor concave. (Let us observe even more: the 
function "x — - <p0(x)/x, x 6 (0,6]" is not monotonie.) Consequently also 
ipo is neither convex nor concave. 

Our next example shows that equation (1) may have a lot of solutions y? 
such that the function if — g0 is increasing. 

E X A M P L E 2. Let p e (0,1) and let /(x) = px, x > 0. Then <̂ 0(x) = 
x, x > 0. Using a standard argument (see, e.g., [5; the proof of Theorem 
2.2.3]) it is easy to prove that if a > 0 and (p : [pa, a] R is a function such 
that the function "x —• ip(x) - x, x 6 [pa, a]" is increasing, 

<p(pa) = p(p(a) 

and 
x < <f(x), xe [pa,a], 

then there exists exactly one solution <p : [0,oo) — R of (1) such that 
f\[Pa,a] = & moreover the function "x —r ip(x) - x, x 6 [0,oo)" is in­
creasing. In particular, there are solutions y>i,y>> : [0,oo) ^ R of (1) such 
that y>i(a) = tpii*), functions "x — • ^(x) - x, x 6 [0,oo)", i 6 {0,1}, are 
increasing, but <p\ ^ ip2-

2. Now we pass to solutions <p of (1) such that tp - g0 is bounded. Let 
K be an arbitrary function. 

T H E O R E M 2. Assume p > 1 and let f - A0 be bounded. Then: 
(i) For every x 6 A' the sequence (3) converges. 
(ii) The function <p0 : K -> [0,oo) g/ven by the formula (4) is a non-zero 

solution of (1) such that <p0 - g0 is bounded. 
(iii) If (p: K U R is a solution of (I) such that for some ?/ 6 R the function 

V — Wo is bounded then (p = i)ip0. 
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P R O O F . Putting F := / — Ao and taking into account boundcdncss of 
this function we infer that the series 

E goFofK 

uniformly and absolutely converges and its sum is a bounded function. Hence 
and from (5) it follows that for every x G A" the sequence (3) converges and 
Vo — Qo is a bounded function. In particular, <po / 0. 

Assume now that <p : K —• R is a solution of (1) such that the function 
X := (f — 7/00 is bounded (by a constant M). Then 

<p(x) - 1] ff(/n(*)) X(fn(x)) < M- x G A', n G 

whence <p = i]<fo- C 

We should mention here that the idea of examining the Schroder equation 
(1) with the aid of the K rein-Rut man theorem has come up while the author 
was thinking on generalization to the infinite-dimensional case of some re­
sults from the papers [1] by F. M. Hoppe and [2] by A. Joffe and F. Spitzer 
where the finite-dimensional case is considered with the aid of the Frobenius 
theory. 
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