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DEMONSTRATIO MATHEMATICA 

voLxxn No 4 im 

Tomasz Dtotko 

AN L" APPROACH TO A PARABOLIC PROBLEM 
WITH BLOWING UP SOLUTIONS 

1. I n t r o d u c t i o n 
We want to examine the simple exemplary non l inea r parabo-

l i c equa t ion 

(1) u t = A u + A | a | q ~ 1 c i t A>0 , q> 1, 

considered with the D i r i c h l e t or Neumann type boundary cond i -
t i o n s : 

(2) u(0,x) = ^ ( x ) , x e f t c R 0 , 

( 3 ' ) u ( t , x ) = 0 f o r x e 3ft, or 

(3") = 0 f o r x e 9 f t , 

where £ i s a bounded smooth (8 f t eC^ + ^ wi th some |5 e ( 0 , l ) ) 
domain, t » 0 and n denotes the inward normal vec to r to 3f t . 
I f the s p e c i f i c a t i o n of the boundary c o n d i t i o n i s not neces sa -
ry we r e f e r simply to ( 3 ) . With the a d d i t i o n a l assumption 
UQ(x)£ 0 , our c o n s i d e r a t i o n s remain v a l i d f o r nonnegative so -
l u t i o n s of the equa t ion 

(4) u t = Au + ilu3 , 

sub jec ted t o the above i n i t i a l - b o u n d a r y c o n d i t i o n s , s ince f o r 
nonnegative s o l u t i o n s problems ( l ) - ( 3 ) and ( 4 ) , ( 2 ) , (3) co -
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2 T. vDiotko 

incide. The blow up phenomenon (the solution may cease to 
ex i s t , beooming unbounded in a f i n i t e time T) f o r solutions 
of the presented problems has recently been extensively stud-
ied ( e . g . [ 2 ] , [6J, [ 7 ] , [12 ] ) . Our purpose here i s to de-
soribe the behaviour of solutions of (1 )~ (3 ) in depend of 
Uq, % and q, basing on the L p ( f l ) estimates originated by 
N.D.Alikakos [1 ] and used recently in [ 3 ] , [4 ] . We propose 
also the proof of loca l existenoe of the Holder continuous 
solutions of ( 1 ) - ( 3 ) . 

The standard notation of the Sobolev spaces [ 9 ] , [10] and 
Holder spaces [ 5 ] , [10] i s used throughout the paper. 

2. The proof of existenoe 
A simple proof of local existenoe of the uniformly Holder 

continuous solution of ( l ) - ( 3 ) i s presented f i r s t . In part i -
cular the maximal time T of existence of the solution i s e s t i -
mated from below (compare [12 ] ) . 

T h e o r e m 1. For arbitrary i n i t i a l function 
Uq e C2+|5(fi) sa t is fy ing suitable compatibil ity conditions 

(uq = 0 and 1u^| qu^ = 0 f o r in the case of the 
3Uq 

Dirichlet condition ( 3 ' ) or ĝ — = 0 on 9ft f o r the Neumann 

1+7. 2+f 
condition ( 3 " ) ) there exists a unique C 4 { [ o , t ^ - e ] x i l ) 

solution u of (1 )~ (3 ) ( « = min{(3} e e f O , ^ ) arb i t rary ) . 

The estimate of the existenoe time T j fo l lows from 

the formula ( 9 ) . 
P r o o f . Uniqueness. Let û  and be two d i f f e rent 

solutions of ( U - ( 3 ) subjected to the same i n i t i a l function 
Uq, both exist ing f o r t e [ o t r ) . ' The di f ferenoe U = i^-Ug sa-
t i s f i e s 

Ut = AU + M| U l | q~1 ^ - |u2|q"1 u 2 ) , 

and sinoe the function f ( z ) = z i s increasing and 
d i f f e r en t i ab l e , with f ' ( z ) = q|z| q " 1 , and the solutions 
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Approaoh to a parabolic problem 3 

u 1 t Uj are bounded; | Uj | , | û  | < U f o r t e [ 0 , r - e ' ] , x e Si 
(e '> 0 smal l ) , we ver i fy that 

n 
2 f t S U2(tfx)dx <: - (Ux ( t , x ) ) 2 d x + 

n Q i.,1 i 

+ Aq f lul^"1 U 2 ( t , x ) d x $ Aq Mq_1 J U 2 ( t , x ) dx. 
Si Si 

The l a s t estimate ensures that U ( t , x ) = 0 f o r t e [ 0 , T - e ' ] , 
x e Si, s ince U(0,x) was equal to zero. 

We proceed to derive an a p r i o r i estimate of the L°° (Si) 
norm of u ( t , » ) . Multiplying (1) by u 2 k ~ 1 } ke^i , in tegra t ing 
over £3 and by parts , we g e t : 

(5) ¿ I , f u 2 k ( t , x ) dx = 
Si 

2k-1 
f S E C(ak) ) dx + A j |u| 2 k + ^ 1 dx. 

k a i - 1 " Si 

Let k be now taken so large that 4k-n(q-1)> 0 . Consider the 
version of the Nirenberg-Gagliardo estimate [8] 

<M 3 V W , « ' h i ; , h i ; « . 
c>o v l 2 + " i r ( Q j H ( Q ) L { Q ) 

valid f o r every v eH1(il) with 8 = 2 ( 2 k + T l j ) • I f • e >, 

then the H1(«) norm in (6) w i l l be replaced by the L2(Q) norm 
of the space gradient V v = , . . . , v „ ) . Using the Young 

x _ 1 x n 
inequal i ty (where a , b j 0 , £ > 0 , m>1)| 

a b * l ( e a ) B + fcl 
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4 T. Dlotko 

with m • ) the right side of (6) we ver i fy that 

2+1-1 
(7) f | v ( x ) | S ^ / v 2 ^ ) dx + 

m 
m-1 

Q i=i L a 

where ^pj- = j and 2 i s equal to 0 fo r the Diriohlet 
problem and to 1 for the Neumann problem. Next formula (7) 
with £ = €0 suoh that 

o gm 2k-1 
m 0

 k2 

wi l l be used to estimate the last component in (5) and to gets 

f t f u 2 k ( t ,x ) j u 2 k ( t ,x ) dx + a 
I r —1 

Q 
4k 

where r : = ^ k l j ^ i y y • T h i s si^Pla d i f f e rent ia l inequality 

for functions y k ( t ) := j u 2 k ( t ,x )dx j keN, has the form 
,2k.,. 

4k~2 ? k ( t ) S i f 2 ? k ( t i + c°nst. (k) 2k ( y k ( t ) ) r , 

and oan be solved exp l i c i t l y , to get: 

( 8 ' ) y j " r ( 0 ) + const.(k) 2k( l - r ) t 

for tne Birichlet problem (61 0 = 0) and 
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Approach to a parabolic problem 5 

( 8 " ) 

* U " r ( 0 ) + const . (k) 2k (l - 9 X p ( ( i - 1 ) ( 4 k - 2 ) t ) ) - ex 

fo r the Neumann problem (6 . _ = 1) . Careful ly contro l l ing the 
* l l r 

constants and remembering that y , , ( t ) = | |u( t , « ) | | «ir » w a 

* I. (a) 
can pass in ( 8 ' ) , (8") with k to i n f i n i t y and get 

f o r both Dir ichle t and Neumann problems. The a p r io r i est imate 
(9) i s va l id unt i l the f i r s t time t = t^ for which the bracket 
i s equal to zero . Clearly t h i s t^ es t imates the exis tence 
time T of the so lut ion u from below. We must point out that 
(9) i s only an estimate of the L°°(Q) norm of u from above. 
I f we are able to give an a p r io r i estimate of t h i s norm va l id 
fo r a l l t e [ 0 , t 2 ) , with t 2 e { t 1 t T ] , then a l l fur ther conside-
r a t i o n s in the proof of exis tence work fo r t^ instead of t ^ . 
In p a r t i c u l a r f o r so lut ions considered in Lemma 1 we have 
t 2 = T = +oo, and t h i s so lu t ions e x i s t f o r a l l t ? 0 (are 
g lobal s o l u t i o n s ) . 

The proof of existence of the uniformly Holder continuous 
so lut ion of (1)~(3) i s now standard (compare [ 3 ] , [4]) and 
w i l l be f in i shed in two s t e p s . We sketch i t b r i e f l y . The f i r s t 
s tep contains an a pr ior i estimate of the norm of the 
der ivat ive u^. We avoid here formal considerat ion of the be-
haviour of d i f ference quotient u ( t + h » ^ - u ( t « * ) (compare [ 3 ] ) , 
showing instead more c lear ly the id ea of the es t imate . D i f f e -
r e n t i a t i n g (1) with respect to t , multiplying the r e s u l t by 
u2n+1 a n d i n t e g r a t i n g , we have 

n(g-1) n(q-1) 
5lcn 1 * 1 + —2— (q-1 

-1 
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6 T. Dlotko 

<10) zhhS* 2n+2 2n+2 dt J "t d x 
ft 

n 
2n+1 

J E h > n + 1 ] X i < * * 

+ Aq f |u|q"1 U2»*2 dx. 
ft 

Fixing an arbitrary e(0<e<t 1) we will estimate the last 
component in (10) for t e [O.t^e], with the use of (9), as 
follows 

%q j |u|q"1 u|n+2 dx li"-1(£) j U2fl+2 dx 
a ft 

(k(t) dominates ||u(t(*)|| for te[o,t1-e]), henoe, neg-
L°°(ft) 1 

lecting th9 first right side component in (10), we find that 

(11) j u2n+2(t,x)dx $ f u2n+2(0,x)dx exp[(2n+2) fa liq-1(e)t], 
ft ft 

for every te [0,t^-e]. For smooth solutions considered here 
ut(0,x) can be found from (1) and estimated as below 

K ' o . - ' I ^ ^ O - o U ^ , « t M f i | 2 M 2 1 " » « « « , -

where |ft| denotes the measure of ft. 
The estimates (9) and (11) generate several a priori esti-

mates for Holder norms of solutions of (1)-(3). Let 
. cx „ c* 1+T,2+p _ 

u e C ([:;, t^-ej*ft) be such a solution, and consider (1) 
with-, fixad t > 0 Caere a parameter) as an elliptic equations 

(12) Au(t.O = ut(t,-) - A|u(t9.)|q"1 u(t,.). 

The right si e of (1?) is estimated for te[o,t^-E] in the 
I/'n+2(ft) norm in formulae (9) and (11). As a consequenoe of 
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Approaoh to a parabolic problem 7 

the Calderon-Zygmund estimates [1D] for solutions of e l l i p t i c 
equations 

li u ( t » * ) H w 2 ,2n+2 { i 2 ) * °'H u t ( t » * ) 

jc const. when t e [ O ^ ^ e ] , 

In other words, u i s a priori bounded in the space 
L~{ [0 , t 1 -e ] jW 2 » 2 n + 2 (£ i ) ) , also as a consequence of (11) tu,. 
i s bounded a priori in L ° ° ( [0 , t 1 -e ] jL 2 n + 2 (£ l ) ) . These l a s t obser-
vations also ensure that the gradient (^»V^u) i s bounded in 
L°°( [ 0 , t 1 - E ] } L 2 n + 2 ( a ) ) c L 2 n + 2 ( [ 0 , t^ -e ] * i J ) . Prom the Sobolev 
Imbedding Theorem [10], [8]} 

Wk»p(B) C^c^^iB) for 0 < jj = k - ^ < -| f m = dim B, 

applied to u (here m = n+1), this together with (9) gives 
the fundamental estimate in Holder norms 

(13) || a || 1 1 $ const. 
^ ^ ( [ O . t ^ e J x Q ) 

Now the nonlinear term Alul 9" 1 in (1) wil l be considered 
as the "uniformly Holder continuous coe f f i c i en t " (the func-

1 1 
t ion |u|q i s the composition of the C Holder continuous 
funotion u, Lipschitz continuous absolute value and local ly 
Lipsohitz continuous (q-1) power) belonging to 

1 1 9 t 9 __ 
C ([0,t . j-e]* i2) . The standard use of the Leray-Schauder 
Principle ( c . f . [ 9 ] , [4]) f in i shes the proof of existence of 
the solution. 

R e m a r k 1. I t i s a simple consequence of the Maxi-
mum Principle (compare [ l l j ) t that whenever u^ (x )>0 for xc£2 t 

then the c l a s s i c a l solution u of (1)-(3) i s nonnegative as 
long as i t e x i s t s . Such solutions simultaneously solve the 
problem (4 ) , (2 ) , (3 ) . 
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8 T. Diotko 

3. Behaviour of so lu t ions 
We have the fol lowing: 
T h e o r e m 2. For s u f f i c i e n t l y small in L°°(ftJ i n i -

t i a l function Uq the corresponding so lut ion u of ( 1 ) , ( 2 ) , 
( 3 ' ) e x i s t s f o r a l l t £ 0 and tends uniformly to zero when t 
tends to i n f i n i t y . 

P r o o f . Let ^ be the f i r s t pos i t ive eigenvalue of 
- A under homogeneous Dir ichlet condit ions . We change the 
nonlinear term in (1) outside the neighbourhood of zero , 
putt ing : 

1 
q-1 

a [ z | q - 1 z f o r z e X := { z ; [z| ) } . 
1 

-e q _ 1 

s ign(z ) for z 4 X, 

(14) f ( z ) = J 

(&1 e ( 0 ^ J i s f i x e d ) . Note a l so that a nonlinear function f 
of t h i s kind i s uniformly Lipschi tz continuous and s a t i s f i e s 

f ( u) • u ^ ( ( J 1-e 1 ) U2. 

Consider the Dir ichlet problem ( 2 ) , ( 3 ' ) for the equation 

(15) wt = Aw + f(w) 

and note that 
n 

l i t J w 2 ( t . *>dx = - ! E ( w x J 2 d x + " I w 2 d x * n £2 i = i 1 Q. 

<: - e , | w 2 ( t , x )dx , 

where we neve used the Poincare inequal i ty 

v M v " T 2 2 , , < i r 
veHJ(Q) * 
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Approach to a parabolic problem 9 

Hence 

(1b) jw 2 ( t , x ) dx $ jw 2 (0 ,x )dx exp i re . , * ) . 
a Q 

For the problem (15), (2 ) , ( 3 ' ) a l l the assumptions stated 
in [4 ] are sat is f ied, and as a consequenoe of Theorem 3.1, 

(17) ||w(t,*)|| ^ 
L°°(n) 

( K max ||w(0,«) || j sup ||w(t,» )|| ? 
I L°°(a) t?o L2 (a ) 

with K = K(£2, (j1 , e 1 ) . Moreover, the solution w exists fo r 
a l l t j : 0 and ||w(t,«)|| —* 0 when t tends to in f in i t y . 

L°°(a) 
Now, aa a consequenoe of (14), (16) and (17), when 

1 

( 1 8 , l l w i o , . ) ! ! ^ * J \ 

K max U N 2 } 
then w(t ,x ) eX for a l l ( t , x ) e [0, « ) * jj. For such values of w 
the equation (15) coincides with (1 ) . This meanB that w 
solves the original problem (1 ) , (2 ) , ( 3 ' ) and finishes the 
proof. 

We may now review several simple methods of ver i f i cat ion 
that the blow up really takes place (compare [ 6 ] ) . The f i r s t 
two methods conoern the case of nonnegative solutions, i . e . 
solutions of the problem (4 ) , (2 ) , (3 ) . 

Consider the Diriohlet type condition. Let v1 be the f i r s t 
nonnegative (oompare [4]) eigenfunction corresponding to the 
eigenvalue ^ of the e l l i p t i c problem 

Av + U..V = 0 
(19) n 

v = 0 on an. 

Multiplying v. by (sup v 1 ( x ) )~ 1 we- may additionally assume 
1 Q 1 

that 0 « v . j ( x ) O . We have 
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10 T. Dlotko 

T h e o r e m 3. Under the conditions: u^ix)£ 0 and 

(20) j u0(x) v^x jdx > ( -^Ç 1 ^ ) , 
ft 

the solution u of (1 ) , (2 ) , ( 3 ' ) corresponding to UQ blows 
up. Here c1n i s the constant for which [|<f|| .. <c1n||cp|| 

1Q a L1 (Q) 1q Lq ( ft) 
for a l l <p in L q ( f t ) . 

P r o o f . Remembering that u( t ,x )^ 0, then multiplying 
(1) by v1 and integrating over £2 we gat 

j u(t ,x ) v^(x)dx = j u(t ,x) v^(x)dx + 
£2 ft 

+ A J uq(t,x) v 1 ( x ) d x . 
ft 

Now, since 0 < v ^ ( x ) < 1 f we have v.j (x) £ vij ( x ) , and 

(21) f j ^ { t ) * - ^ T ^ t ) + A c - J ^ f t ) ] ^ 

where T 1 ( t ) : = Ju( t ,x ) v. (x)dx is the f i r s t Fourier c o e f f i -1 ft 
cient of u. Every solution of the d i f f e rent ia l inequality 
(21) with the in i t ia l value satisfying (20) blows up in f i -
nite fime. 

Consider now the nonnegative solution of the Neumann 
problem. 

T h e o r e m 4. Svery nonnegative (ffeO) solutions of 
the problem (4 ) , (2 ) , (3") blows up in f in i t e time. 

P r o o f . Integrating (4) over ft we get: 

| u(t,x)dx = - j l ^ d s + A j uq (t ,x)dx ^ 
SI 3ft ft 

q 
^ c ^ A ( f u(t ,x )dx) . 

ft 
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Approach to a parabolic problem 11 

Diving this d i f f e rent ia l inequality we obtain 

q-1 
(22) ( j u ( t , x ) d x ) q % [ ( J i ^ i x j d x ) 

ft ft 
- (q-1) A c 1 qt 

and this estimate finishes the proof. 
The same result i s valid fo r nonpositive and non-vanishing 

solutions of (1 ) , ( 2 ) , ( 3 " ) . 
The last method holds good for solutions of arbitrary 

sign and both homogeneous Dirichlet or Neumann conditions. 
The idea of the proof is derived from [ 7 ] p.419. 

T h e o r e m 5. Every solution of ( l ) - ( 3 ) where the 
Lq+1(£i) norm of u^ is large re lat ive to the L2 (ft) norm of Vu^ 
(condition (27 ) ) , blo<vs up in f in i te time. 

P r o o f . Multiplying (1) by u and by 2 ^ and in -
tegrating, we gets 

(23) f u2dx = - j X ( u , )2d* + A J M q + 1 d x , 
ft ft i = 1 1 ft 

and 

(24) i s 2 
ft 

dx = J E K ' ^ - f f i i 
ft i=i a 

= : - B ( t ) . 

The function S in the square bracket in (24) is nonincreasing, 
hence 

(25) j S < a x . ) 2 d x * B ( 0 ) + I t t f M q + 1 d x -
ft i=1 1 ft 

Combining (23) with (25) we have 

2 f t i u 2 ( j x * ~ S ( 0 ) + s i l u | q + 1 d x 
ft ft 
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12 T. JJïotko 

with s = - q ^ ) always positive (q> 1) . Denoting z ( t ) t-

j u 2 ( t ,x )dx , sinoe ||v|| 2 $o 2 ( .. ,||vj] , we f ina l ly 
fl IT(fl) L" (£2) 

verify that 

1+1 
(26) -2 B(0) + ~ q f f ( z ( t ) ) ^ . 

C2(q+1) 

I t i s easy to see that every solution of (26) with z(0) » 

= J u^(x)dx sa t i s fy ing 

° a+1 E(0) a j i j + 1 , (27) z(0) 2 > 2 ( q + 1 ) = 

[*0 - A ) ] " 1 fi S f K l q + W 
[ a 1 a 

blows up in f in i te time. 
R e m a r k 2. The l e f t side of the inequality (27) 

will be estimated from above by c^fq+l) f | u o | q + ' ' d x a n d t l l a 

f ina l condition takes the form ^ 
n 

(28) X ' 
Q 
J k l q + 1 - * > f Z 
Î2 ii 1=1 1 

The above estimate could not hold, in the case of the Dirich-
let condition ( 3 ' ) , for small i n i t i a l functions} for any UQ 
sat i s fy ing |uy(x)| < S < 1 with 6q < ^ / l - 1 , as a consequence 
of the Poincare inequality, holds 

n 
î Î 4***^1 £ iv i^ , 

a Q Û U ! 1 

and we have an estimate exactly opposite to (27). 
R e m a r k 3. The f i n a l picture of the behaviour of 

solutions of ( U - ( 3 ) i s the following. For the Neumann prob-
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Approach to a parabolic problem 13 

lem, every non-vanishing solution of constant sign blows up 
(Theorem 4). The same is true for solutions satisfying the con-
dit ion (27). For the Diriohlet problem, with small i n i t i a l da-
ta the solution is global and tends to zero when t goes to 
in f in i ty (Theorem 2) , while for a large in i t i a l function i t 
blows up (Theorem 5 and 3). 
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