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DEMONSTRATIO MATHEMATICA
Vol. XXX No 2 1997

Wtiladystaw Kierat, Urszula Sztaba

THE GENERALIZED FOURIER TRANSFORMS
OF SLOWLY INCREASING FUNCTIONS

In the paper we show that
Ff=(CoF)f

for slowly increasing function f, where the symbols F f,Cf and F f denote
the generalized Fourier, Cauchy and Fourier transforms of f, respectively.

1. The Cauchy transform of A in D,

Let Dp. denote the set of all smooth functions ¢ such that (%) € LI(R)
fork=0,1,..., wherel < ¢ < 0o and %+% =1,1 < p < oo. The space Dr.q
is equipped with a topology defined by the sequence (|| - ||x) of the norms

= (9
llelle :=  max, flo]|Lq.

We shall denote by D), the space of all linear continuous forms on Dy,.
Let A € D) ,. We take
1
(1) CA(z) := —I—.A( ) for z€C-R,
271 -z
where CA is called the Cauchy transform of A.

The Cauchy transforms of the distributions belonging to D}, have im-
portant properties. Namely, the following theorems hold.

THEOREM 1 ([3]). If A € DY,, then the Cauchy transform CA is a holo-
morphic function in C — R and

d* k! 1
e LYY LR S ()
dszA(z) = 27m_A((-_z)w) =CAF(2).

1991 Mathematics Subject Classification: 44A35.
Key words and phrases: Fourier transform, generalized Fourier transform, Cauchy
transform, slowly increasing function



426 W. Kierat, U. Sztaba

THEOREM 2 ([3]). If A€ D,,1 < p < o0, then
(2) lim f [CA(z + ie) — CA(z — ie)])p(z) dz = A(y)
for o€ Dpo, 5+ 1 =

2. The Fourier transform of A in D},
By Schwartz representation theorem ([4],p.201) we have

k 0o
(3) M) =Y (-1)" [ ful(2)¢(2)dz,
v=0 -0

where f, € L?(R)and ¢ € S with S denoting the space of rapidly decreasing
functions.

Let FA and Fp denote the Fourier transforms of A and ¢, respectively.
Since FA(p) = A(Fp), by Parseval-Plancherel’s formula, we obtain

k 0o
FAp) =Y [ (i2)'Ff(z)p(z)dz forpeS.

v=0 —c0

This equality can be written as follows
k
(4) FA(z) =) (iz)*9.(z),  where g, = F,.

Of course g, is in L*(R).

Denote by S§ the vector space spanned by the set of all functions z¥ ¢,
where ¢ is in L%(R). These functions are called slowly increasing. Clearly,
if fisin Sg, then F fis in D7, (see [4]). In general, there is no any Fourier
transform of f € S; in the classical sense.

3. The generalized Fourier transform
T. Carleman defined in [2] the generalized Fourier transforms of slowly
increasing functions as follows.

DEFINITION 1. For f € S; we have

Ff(2) = Jo© f(t)ei* dt for Im z > 0,
(=) = f_oo f(t)e'**dt forImz < 0,

and

f—lf(z) - :}—f_ f(t itz 4t for Imz > 0,
-5 o f(t)e~*tzdt for Imz < 0. \
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Now we prove the following theorem.
THEOREM 3. If f is in Sg, then
(5) Ff(z)=(CoF)f(z) for zeC-R,
where F f is the Fourier transform of f in the distributional sense.

Proof. We first prove a reduced form of the theorem. Namely, we assume
that f is in L*(R). Determine (C o F)f(z) for z € C — R. According to the
definitions of F and C, we have

(6) (Co F)f(z) = 2_71r—z fff(t)t_%dz.

Applying Parseval-Plancherel’s formula, we get

(CoF)f(z) = — ff(t (t)dt.

It is known ([1], p.174) that

_1_]_. 1 (1) = H(t)e'*  for Imz >0,
2mi” (-—2) ' | —H(-t)e'** for Imz < 0,

where H denotes the Heaviside step function. From this we obtain

fo etz f(t)dt for Imz > 0,
(CoF)f(z)= { 2. €t f(t)dt for Imz < 0.

Finally we have
(CoF)f(z) = Ff(z) for f € L}(R).

We are now in a position to show that the theorem is true in general
case. It remains to prove that the equality (5) holds for f(z) = (iz)* fo(z),
where fo € L?(R) and k € N. In fact, we have

k o~
(€0 FYGDHfo(N(2) = CF)M(2) = (€0 F)alW(2) = T Ffo(2) =

o0
f et fo(t)dt for Imz > 0
d* 0
- f e fo(t)dt for Imz < 0

- 00
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[ ety fo(t)dt forImz >0
0

0
- [ € (i) fo(t)dt  for Imz < 0

Hence, by the definition of S we have
(CoF)f(z)=Ff(z) forall fedS).

As a corollary from the previous theorems, we obtain the following one
(see [1],88.16,p.87).

THEOREM 4. If f € S|, then ff is a holomorphic function in C— R and
for ¢ € D> we have
lim [ [Ff(z +ie) - Ff(z - ie)| o(z) dz = (F/)(e).

-0
In the same way one can prove the following equality

Flf(z)=(CoF)f(z) for feSp
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