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KAZIMIERZ SZYMICZEK

The integer solutions of the equation ax2+b$2+cz2=0
in quadratic fields

In a recent paper [1] L. J. MORDELL has given a theorem on the
solvability of the equation

(1) ax2+by2+c = 0

in integers of a quadratic field. We shall prove here by MORDELL’S
method an analogous theorem for the equation

(2) ax2r¥by2+ cz2= 0.

This equation is of a particular importance in number theory and so it
may be of interest to find some elementary necessary and sufficient con-
ditions for its solvability in quadratic fields.

THEOREM. Let a ,b, c be rational integers and (a, b)=(b, c)=(c, a)=1I.
Then non-trivial integer solutions of the equation (2) exist in a quadratic
field K = Q (&) if and only if there exist rational integers p, q, r, d, dt
such that

(3) ap2+bq2= d, (ap, bq) = du d is a divisor of abcr2 and & satisfies the
equation
(4) ®l + abkZdx + cr2/d = 0,
where k is a rational integer such that abk2idxX+ cr2/ d is an integer. If
these conditions are satisfied, then
(5) X = p# + bgk/dj, y — g& — apkldx, z=r
is a solution of (2).
Proof. As is well-known, every integer a of a quadratic field

K = Q (WD), where D is a square-free rational integer, is of the form

a = u+vco, where u, v are rational integers and ce= (1+V d)/2 or y/D
according as D = 1 (mod 4) or D = 2, 3 (mod 4), respectively. Because of



homogeneity of the equation (2) we can restrict ourselves to the solutions
of the form u + vVD. Next, if a, (I, y is a solution of (2) and vy is the
conjugate of y, then ay, fly, yy is also a solution of (2) and yy is arational
integer.

Thus, the equation (2) has an integer solution in a quadratic field
Q {~D) if and only if it has a solution of the form
(6) x=pad+ Pt,y=q0+ qltz =rv
where p, g, rlt pl are rational integers, (p,q)~ 1, &=s \Jp for asuitable
integer s.

Suppose first that (6) is a solution of (2). On substituting in (2) for
X, Yy, z from (6), we get
(7) (ap2+ bgq2 G2+2 (app”™bqqi) #+ ap”~+bg~+cri2= 0.

Since 0 = s \d, we must have

(8) appitbgqi = 0.
The solution of (8) for p1 qi can be written as
(9) Pi = bgk/dlt gt = — apk/dit

where k is a rational integer and dt is defined by (3).

Now, using (3), w;e have

api2+ bq!2+ crx= abdk Zdi2 + cr2
and (7) can be rewritten as
#2+ abk2/dis+ cr 2/d = 0.

Since &= s YD is an algebraic integer, L = abk2/dt2+ cr2/d must be an
integer. From dt = (ap, bqg), (a,b) = (p,g) = 1 it follows that dt |Jab.
Thus abL = (ab/df)2k2+abcr2/d and (ab/df)2 k2 are integers, and this im-
plies that abcr2/d is an integer. From (6) and (9) we obtain (5) and all
conditions of the theorem are proved.

On the other hand, if (3), (4) hold the coefficient in (4) is an
integer, then the numbers (5) form an integer solution of the equation (2)
in the field Q {&). This completes the proof.

There is an obvious connection between the solvability of (1) and (2)
in integers of a quadratic field K: solvability of (1) is equivalent to the
existence of a solution of (2) with z = 1. Hence from our theorem we
derive at once the following

COROLLARY. Let a, b, ¢ be rational integers, (a, b) = (b, ¢) = (c, a) =
= 1 Then integer solutions x —u+v D, y = ig+Ui \ID (u, v, ui, —
— rational integers) of the equation (1) exist in a quadratic field K =

= Q (\D) = Q (&) if and only if there exist rational integers p, q, d, dt
such that ap2+bqg2= d, (ap, bq) = dit d Jabc and



i?2+ abk2d\2 + c/d — O,

where fc is an integer such that abk2/dj2+ c/d is an integer. If these
conditions are satisfied, then

X = p &+ bgfc/dl y = q &—apfc/dj
is a solution of (1).

This includes the part (A) of MORDELL’S theorem [1].

Finally, we shall show that there are quadratic fields in which the
equation (1) has no integer solutions but the corresponding equation (2)
has a nontrivial solution .

Consider the equation
(10) 2x2 + y2+ 1= 0.

Here abe = 2, so d = 2p2-f q2]2 and only two possibilities arise: p = 1,
g= 0Oand p= 0, g = 1 In the first case d= 2, & = 2 and the equation
for 0 takes the form #2+ (k2+ 1)/2 = 0, where k is an integer such that
(fc2+1)/2 is an integer. We have k — 21+ 1, (k2+ I)/2 = 2I12+21+ | and

+ 22+ 21+ 1= O0.In thesecondcased = dl = land &+ 2k2+1 = 0.

Hence in both cases O does not belong to Q (\J—2), i.e. the equation (10)

has no integer solutions in Q (y/—2).
Now for

2x2+y2+z22= 0

we have forp=I1, q=0, d=dj=2 as above, and (4) gives tf2+(k2+r2/2 -
- 0, where k, r are chosen so that (fc2+ r2/2 is an integer. This is the

case when fc= 8,r = 6and then & = 5y —2; formulae (5) give x = 5\}—2,
y =8,z= 6.

Remark. There is a known condition for the solubility of (2) in an
algebraic number field F, namely the HASSE’S principle guarantees the
existence of a solution in F when solutions exist in all completions of the
field F.

Moreover, A. SCHINZEL has kindly informed me that there is a paper
by T. SKOLEM on this subject: Uber die Lésung der unbestimmten
Gleichung ax2+ by2+cz2= 0 in einigen einfachen Rationalitatsbereichen.
Norsk Mat. Tidsskr. 10, 50— 54, Oslo 1928.

A second paper concerning the equation (2) is by O. HEMER: On the
solvability of the Diophantine equation ax2+ by2+cz2— 0 in imaginary
Euclidean quadratic fields, Arkiv for Mat., 2, 57— 82 (1954). Both writers
consider the equation (2) with coefficients in a quadratic field K but
SKOLEM discusses only the cases when K = Q (WV—1) and K = Q (V ~ 3)

and HEMER only when K = Q \~D), D = 1, 2, 3, 7, 11



[1] L. J. Mordell: The integer solutions of the equation ax2+ by2+ c= 0 in
quadratic fields. Bulletin of the London Mathematical Society 1(1969), pp. 43— 44.

KAZIMIERZ SZYMICZEK

ROZWIAZANIA ROWNANIA ax2+ by2+ cz2= 0 W LICZBACH
CALKOWITYCH CIALA KWADRATOWEGO

Streszczenie

Udowodniono nastepujace twierdzenie:
Niech a, b, ¢ beda liczbami catkowitymi wymiernymi, (a,b)=(b,c)=(c,a)=1 Roéw-
nanie

ax2+by2+cz2=0

posiada nietrywialne rozwigzanie w liczbach catkowitych ciata kwadratowego K ~
=Q($) wtedy i tylko wtedy, gdy istnieja liczby catkowite wymierne p, q, r, d, dj
takie, ze ap2+bqg2—d, (ap,bq)=dly d dzieli abcr2 oraz & spetnia réwnanie

&2+abkd2+cr2/d=0,

gdzie k jest tak dobrang liczbg catkowita wymierng, ze abkadf+crad jest liczba
catkowity.

Jesdli warunki te sg spetnione, to otrzymujemy nastepujace rozwigzanie réwna-
nia: x = p& + bgk/dvy = q& — apk/d,, z =r.

Oddano do Redakcji 4. 4. 1970 r.



