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MICHAL LORENS

Differential concomitants of the metrical tensor
in Riemannian spaces C" and S*

INTRODUCTION. Let Vn be an n-dimensional Riemannian space.
The metrical tensor on V" will be denoted by py, Det py# O.
A space Vn, n> 3 is conformally Euclidean if

Ryki — — (RAL9k T Rjk 9il ~ Rik 9}l Rjl 91K
n —_—

(1) 4 R

n—1) I —2)
where RyW is the curvature tensor, Rik = ¢gTS Rrjks in the Ricci tensor
and R is the scalar curvature of the space Vn (cf. [6] p. 521). The confor-
mally Euclidean space Vn will be denoted by O.

It is known (cf. [2] p. 73, also [7] p. 138) that every scalar differential
concomitant of the second order of the tensor py is an algebraic concomi-
tant of the curvature tensor and of the tensor py. For 7i = 4 the problem
of the determination of such concomitants was considered in papers [4]
and [5],

In the present paper we shall consider the spaces Cn for arbitrary
n> 3 (for V2 and V3 all scalar differential concomitants were found in
papers [2] and [3]).

In § 1we shall determine the general form of differential concomitants
of the second order of py which are scalars.

In § 2 we shall deal with this problem for spaces of constant curva-
ture.

§ 1. Let us consider a space Cn. The problem of finding scalar differen-
tial concomitants of the second order of the tensor py reduces to solving
the equation

\9ji  —  9ik ~ 9jk9ii)>

(1.1) oL (Py, Rykl) = a1 (9irR jvk’i')

LKL g fe, P = 1.2, ..., n.



Since in Cnthe tensor Rijki satisfies condition (1), our problem leads to the
determination of the scalar concomitants of the pair of tensors (gy, Ry).
We consider the tensor bundle

(1.2) gy X+ Ry
and the matrix bundle
1.3) GX + H,

where G = Jlgy Il H — IRy |l We denote by Rt, R2 ..., R, the coefficients
of the characteristic polynomial of JRIj = jlg¥ Ry I and we denote
by a the partial signatures (Teilsignaturen) of the canonical form of
bundle (1.3) (cf. [8] p. 18).

We shall prove the following theorem

THEOREM 1 Every scalar differential concomitant of the second
order of the metrical tensor on Cn is an arbitrary function of the partial
signatures a, of the scalars Rj, R2 ..., Rn. and of the Weierstrass’s cha-
racteristic of the matrix JJRIj |I

Proof. Since the bundle GX + H is regular, i. e. Det (GX + H) ==0,
every scalar concomitant of the tensor bundle g™X + Ry is a function
of the elementary divisors and of the partial signatures of bundle (1.3)
(cf. [8] p- 22). The bundles GX + H and EX + G~IH are stricly equivalent
(cf. [1] p. 148). Hence these bundles have identical elementary divisors
(cf. [1], p.- 332). Te elementary divisors are determined by RIf R2 .., Rn
and by the Weierstrass's characteristic [elt e2 ..., e,] of JIRI} ||
Therefore an arbitary scalar differential concomitant ot the second order
of the tensor py has the form

(1.4) a(, Rj, R2 ..., Rfit [®i) e2 ..., cni)

This completes the proof.

A space Vn is called ordinary if the tensor gl} is positive definite.
From theorem 1 we obtain the following conclusion:

COROLLARY 1 If Cnis ordinary, then every scalar differential con-
comitant of the second order of the metrical tensor is a function of the
scalars Ru R2 ..., Rn.

§ 2. A space Vn, n> 2, is called Snor a space of constant curvature,
if
«2.1) Ry/ci = K. Sfyid,
where gijkld.g [k gm (cf. [6] p. 501).

We shall prove the following theorem.

THEOREM 2. If a Vnis Sn, then every scalar differential concomi-
tant of the second order the metrical tensor is an arbitrary function
of the curvature K and of the signature of the metrical tensor.

Proof. Every scalar differential concomitant of the second order
of the tensor gtj is an algebraic concomitant of the tensors gi} and Ryki.



Thus it must satisfy equation (1.1). Since in an Sn tensor Ryw satisfies
condition (2.1), our problem leads to the solution of the equation

(2.2) o (gtj, K) = ce(grj, K).

It is known (cf. [1] p. 341) that we may always find a non-singular
matrix [|BV || such that

«1. 0, ... 0O

0, ... 0
(2.3) N9iyll = 0B Bij &y]]| = e

0,0, e<fn

where (8)2= 1. Inserting relation (2.3) into equation (2.2) we obtain

ci, 0, ... O

0, e ... 0
(2.4) « (9y, K) = to|]

Thus o (gijt K) = g (s, K), where s is the signature of the tensor dfy.

This completes the proof.

THEOREM 3. If Vnis Sn, then there do not exist differential con-
comitants of the second order of the metrical tensor which are G-densi-
ties of a weight p, p =0.

THEOREM 4. If Vnis Sn, then every differential concomitant of the
second order of the metrical tensor which is a W-density of a weight
p has the form

Igl- 1 e{s K)

where g — Det [dyl] and g (s, K) is an arbitrary scalar differential con-
comitant of the second order of the tensor gy.

The proofs of theorems 3 and 4 are quite similar to the proofs of theo-
rems 4 and 5 in paper [2].
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MICHAL LORENS

KOMITANTY ROZNICZKOWE TENSORA METRYCZNEGO
W PRZESTRZENIACH RIEMANNA C" i S»

Streszczenie

W pracy zajmuje sie problemem wyznaczania komitant rézniczkowych drugiego
rzedu tensora metrycznego w przestrzeniach konforemnie ptaskich Cn i w prze-
strzeniach o statej krzywiznie Sn.

W § 1 zostata znaleziona ogdélna posta¢ komitant skalarnych. Wykazano miano-
wicie, ze kazda taka komitanta ma postac

e (@ Rt R2..., Rn, [et... en])

gdzie a oznacza sygnatury czesSciowe peku macierzy GA + K, RIt R2 ..., Rn sg wspo6t-
czynnikami wielomianu charakterystycznego tensora R*k = gisRsk, a [e2... en] jest
charakterystyka Weierstrassa macierzy [IRIK |}

W 8§ 2 wykazano, ze skalarne komitanty rézniczkowe drugiego rzedu tensora
metrycznego w przestrzeniach o statej krzywiznie sa postaci

e < K),
gd2ie s jest sygnaturg tensora metrycznego a K oznacza krzywizne skalarng tej
przestrzeni. Znaleziona zostata og6lna posta¢ komitant rézniczkowych drugiego rzedu
bedacych W-gestosciami i wykazano, ze nie istnieja takie komitanty, ktére sa
G-gestosciami.

Oddano do Redakcji 17. 12. 1969



