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On Stability of a General Bilinear
Functional Equation
Anna Bahyrycz® and Justyna Sikorska
Abstract. We prove the Hyers—Ulam stability of the functional equation
f(a1£81 + azx2, b1y1 + b2y2) = le(xlv yl) (*)

+ C2f(z1,y2) + Csf (22, y1) + Caf(x2,92)

in the class of functions from a real or complex linear space into a Banach
space over the same field. We also study, using the fixed point method,
the generalized stability of () in the same class of functions. Our results
generalize some known outcomes.

Mathematics Subject Classification. 39B52, 39B82, 47J25, 47D03.

Keywords. Hyers—Ulam stability, Generalized stability, Functional equa-
tion, Fixed point, Nonlinear operator, Linear operator.

1. Introduction

Problem of studying the stability of functional equations has begun with a
question posed by S. Ulam (see, e.g., [17]) and an answer given by D.H. Hyers
[13]. Since then a number of papers investigating the so called now Hyers—
Ulam stability have appeared. The results concern also various generalizations
of the problem and these kind of research have their origins in the papers by
T. Aoki [1], D.G. Bourgin [7], Th. Rassias [16], P. Gavruta [11].

Let X and Y be linear spaces over the same field F € {R, C}, a1, az,b1,bs €
F\ {0}, C1,C2,C3,Cy € Fand f: X? — Y. In [10], K. Cieplifiski starting
with a bilinear mapping, i.e., linear in each of its arguments, considered the
following functional equation
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flarz1 + asza, biyr + baye) = Cif(x1, 1)
+Cof(21,92) + C3f (w2, 1) + Caf(w2,92) (1)

for all x1,x2,y1,y2 € X, and investigated, among others, its Hyers—Ulam sta-
bility in Banach spaces. In fact, he proved the stability without knowing the
general solution of (1) and under some additional assumptions. In [6], the au-
thors described the form of solutions of (1). They were also studying relations
between (1) and bilinear mappings.

In the present paper, firstly knowing already the form of solutions of (1)
we prove its Hyers—Ulam stability, also in the cases excluded in [10]. Secondly,
applying the fixed point method, we study the generalized stability of (1) for
the same classes of control functions.

Particular cases of (1) are, among others, the following three functional
equations:

flzr+ 22,91 +y2) = f(z1,91) + f(21,y2) + f(22,91) + f(22,92),

af (P2 ) = flann) + F@ne) + f o) + f (@)
2f($1 + a9, 2 ;yQ) = flzr,y) + (21, y2) + f(@2,51) + f(22,92),

that is, the equations which characterize biadditive, bi-Jensen and Cauchy-
Jensen mappings, respectively. Therefore, our results generalize stability out-
comes for these equations (see, e.g., [2-5,9,14,15]).

Define C' := C7 + Cy + C3 + Cy.

For the convenience of the reader we recall here a result describing the
solutions of (1) (see [6], and also [12], where Y is an arbitrary field of charac-
teristic different from two).

Theorem 1. If f: X2 — Y satisfies (1), then there exist a biadditive function
g: X% =Y, additive functions ¢,: X — Y and a constant § €Y such that

f(@,y) =g(z,y) + p(x) +P(y) + 6, (2)
and

g(arz,bry) = Cig(z,y),
glarz,bay) = 029(x7y)7 (3)
glazz,bry) = Csg(x,y),
g(agx, be) - C4g($,y),
plare) = (C1 + Co)p(a), "
pazr) = (C3 + Ca)p(x),
w(bly) - (Cl + C3)w(y)v (5)
Y(bay) = (C2 + Ca)p(y),

forallx,y € X, and
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Conversely, each function f of the form (2) with g biadditive, v, addi-
tive, and such that conditions (3), (4), (5), (6) are satisfied, is a solution of
(1).

Throughout this paper we keep the standard notation: N, R and C stand
for the sets of all positive integers, all real numbers and all complex numbers,
respectively. Moreover, we denote Ry := [0,00), Ny := NU {0} and we adopt
the convention 0° = 1.

2. Hyers—Ulam Stability of (1)
We start the section with recalling two stability results: for the Cauchy equa-
tion (see [13]) and for the biadditivity equation (see, e.g., [5,9]).

Lemma 1. Let (H,+) be an abelian group and (Y,|| - ||) be a Banach space.
Given € > 0 assume that f: H — 'Y satisfies

If(@+y) = fl@) - fWll<e,  xyeH.
Then there exists an additive function F: H —'Y such that
[f(z) - F(z)| <e, zeH.
Moreover, F is a unique function satisfying the above condition and it is of

the form F(x) = hm 5=/ (2"x) for allx € H.

Lemma 2. Let (H,+) be an abelian group and (Y,|| - ||) be a Banach space.
Given € > 0 assume that g: H?> —'Y satisfies
lg(z1 + 2,91 +y2) — g(z1,91) — 9(x1,2)
_g(x27y1)_g(x2ay2)H SE, T1,T2,Y1,Y2 € H.
Then there exists an additive function G: H?> —'Y such that

1

Moreover, G is a unique function satisfying the above condition and it is of
the form G(z,y) = hm F g(2"x,2"y) for all x,y € H.
Now we are able to present the main result of this section.
Theorem 2. Let (Y, ||-||) be a Banach space and e > 0. Assume that f: X? —Y
s a mapping such that
[ f(a171 + agza, biys + bay2) —Cif(z1,y1) — Cof(21,y2)
—Csf(z2,y1) — Caf(z2,92)| < (7)

for x1,22,91,y2 € X. Then there exists a solution F: X? — Y of (1) such
that

Moreover, if C # 1 then F is a unique solution of (1) such that (8) holds.
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Proof. Immediately from (7) we obtain the following inequalities
| f(a121 + agz2,0) — C1 f(21,0) — C2.f(21,0) — Cs f(22,0) — Caf(22,0)|| <e,
(9)
[£(0,b1y1 + bay2) — C1f(0,41) — C2f(0,y2) — C5£(0,41) — Caf(0,y2)[| < e,
(10)
for all x1,x2,y1,y2 € X, and
[(1=C)f(0,0)] <e. (11)
Therefore, the functions ¢(x) := f(x,0) — f(0,0) for z € X, and ¥(y) :=
f(0,y) — f(0,0) for y € X, satisfy the conditions
[p(arz1 + azaz) — Crp(w1) — Cop(x1) — Csp(22) — Cap(a2)|| < 26 (12)

and

19 (b1y1 + bay2) — C1p(y1) — Cotp(ya) — Catb(y1) — Cap(y2)|] < 2¢, (13)

respectively.
By (7) we also have

[ f(arz1,b1y1) — C1f(w1,91) — Cof (1,0) = C5£(0,y1) — Caf(0,0)[| <,
[ f(ar1z1,bay2) — C1f(21,0) — Cof (1, 92) — C3(0,0) — Cu f(0,2)[| < e,
[ f(azza,biy1) — C1f(0,41) — C2f(0,0) — Cs f(x2,y1) — Caf(z2,0)[| < e,
[ f(azw2,bay2) — C1£(0,0) = C2f(0,y2) — Csf(22,0) — Caf(z2,92)[ < €
(14)
and, moreover,
[ f(a121,0) = (C1 + C2) f(21,0) — (C3 + C1) £(0,0)[| <,
| f(agz2,0) = (Cs + C4) f(22,0) — (C1 + C2) £(0,0)[| <, (15)

[1£(0,b1y1) — (C1 + C3) f(0,y1) — (C2 + Cu) £(0,0)]| < e,
1£(0,b2y2) — (C2 + C4) f(0,92) — (C1 + C3) f(0,0)]| <e.
From (7), (11), (14) and (15) it follows that
| f(a121 + agxa, biys + baya) — flarw1,b1y1) — f(ai1w1, baya)
— flagma, biy1) — f(aaxa, bay2) + f(a1z1,0) + f(agze,0)
+ f(0,b1y1) + £(0,b2y2) — f(0,0)] < 10e,
and, since a1a2blbg # 07

I f(z1+ 22,91 +y2) — fl@1,y1) — f(z1,92) — f(w2,91) — f(@2,92) (16)
+ f(21,0) + f(22,0) + f(0,y1) + f(0,y2) — £(0,0)]| < 10e.
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From (9), (11) and (15) we obtain

Hf(xl + I27O) - f(fEl,O) - f(IQﬂO) + f(OaO)H < de, (17)
and by (10), (11) and (15) we have
170,91 +y2) — £(0,91) — f(0,52) + f(0,0)[| < 4e, (18)

so, for all z1,x2,y1,y2 € X,

(1 + 22) — p(x1) — p(22)[| < 4e and [[P(y1 +y2) — Y(y1) — P(y2)|| < 4e.

On account of Lemma 1, there exist a unique additive function ® and a unique
additive function ¥ such that

lo(z) — () < e, [(x) —¥(2)]| <de, wEX, (19)
with

n—oo

1 1
P(z) = lim 70 (2"z), ¥(r)= lim 2—711/} (2"z), reX.

Therefore using (12) and (13), we derive that the functions Fi(z,y) := ®(x)
and Fy(z,y) := U(y), for z,y € X, satisfy (1).
Let us define g: X2 — Y by
9(@,y) = f(z,y) — f(z,0) = f(0,y) + f(0,0), z,y€X. (20)
Then
f@,y) =g(@,y) + f(x,0) + f(0,y) — £(0,0) = g(z,y) + »(x) +(y) + f(0,0)
and by (7), (9), (10) and (11), we get

llg(ar1z1 + asza, biyi + baya)— Cig(z1,y1) — Cag(z1,y2) (21)
— C3g(x2,y1) — Cag(xa,y2)|| < 4de.

On account of (16), (17), (18) and (20), we obtain
lg(z1 + @2,51 +y2) — g(@1,91) — 9(w1,92) — g(x2,91) — g(@2, 92| < 18e.
By Lemma 2, there exists a unique biadditive function G such that
l9(z,y) — G(z,y)|| < 6e, (22)
and, moreover, G(x,y) = nlgr;o +9(2"z,2"y). Using (21), we obtain that G

satisfies (1).
Let us define

Fla,y) == G(z,y) + ®(2) + U(y), z,yeX. (23)
Function F satisfies (1) and from (19) and (22) we get
(

[f(z,y) = £(0,0) = F(z,y)|l <llg(z,y) — G(z,y)[| + llp(z) — ()|
+[Y(y) = ¥(y)| < 14e.
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For the proof of the uniqueness, assume that C' # 1 and let F’ be another
function satisfying (1) and inequality (8). Therefore, F’ is of the form (cf.,
Theorem 1)

Fl(z,y) = G'(z,y) + @' (2) + ¥'(y) + ¢, =z,yeX,

with biadditive G’, additive ® and V', satisfying (3), (4) and (5), respectively,
and with 8’ = 0 in the case C # 1.
We have for all z,y € X, n € N,

HF(’I’L.Z‘,’I’Ly) - F'(”%”?J)H < 28,
|G(n, ny) + B(na) + W(ny) — G (na, ny) — &' (nz) — V' (ny) | < 28¢,
[n?(Gla.y) - G (2.9)) + n(®(2) + V() — @' () — V'(y))] < 28e.

Dividing the above inequality by n? side by side and letting n tend to infinity
we obtain G = G’, and consequently,

O(z)+U(y) =0 (x) + ¥ (y) z,y€X.
It is now enough to set y = 0 and then z = 0 in order to obtain ® = ®’ and

U = U’/ respectively. O

Remark 1. A thorough inspection of the proof of Theorem 2 shows that in
the case C' = 1 we are able to obtain a better approximation. Namely, if
f: X% — Y is a mapping satisfying (7) for x1,72,%1,%2 € X and C = 1, then
there exists a solution F': X2 — Y of (1) such that

||f(a:,y)—f(0,0)—F(x,y)H < 115) Z‘,yEX. (24)

Remark 2. 1t is also easy to observe that in the case C' = 1 we do not have
the uniqueness of function F in (8). Indeed, each function F: X? — Y,

F=G+®+V+¢
with G, ®, ¥ defined as in the proof of Theorem 2, and with ¢’ € Y such that
18] < 3e

satisfies, on account of Remark 1, conditions (1) and (8).

3. Generalized Stability of (1)

In this section we provide some results concerning generalized stability with
various approximation functions. In what follows we will use a notation
(@) (@1, 91, 22,92) == flarz1 + aowa, biyr + bayo)
= C1f(z1,y1) — Caf(w1,y2) — Ca3f(w2,y1) — Caf(w2,92)

for 1, z9,y1,y2 € X. Let us also denote a := a1 + a2 and b := by + bs.
Our first result reads as follows.
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Theorem 3. Suppose that (Y, |- ||) is a Banach space, C # 0, a # 0, b # 0. Let

f: X2 =Y and 0: X* — R, be mappings satisfying the inequality
[(@f)(@1,y1, w2, 92)|| < O(x1, 91,22, 92),  @1,22,91,92 € X, (25)

Assume, further, that for an s € {—1 1} (depending on a,b,C) we have

oo 9( snt25t z, bt + y, a*" Tt *gly)

8*(1',y) ::Z

n=0

|C|5”+% <oo, x,yeX,
(26)
and

6 asnm bs'fL 7asnx 7bSn
lim ( LY U 2 y2) =0, T1,T2,Y1,Y2 € X. (27)

n—o00 |O|5”

Then there exists a unique solution F: X? — Y of (1) such that
If(z,y) = Flz,y)l| <e*(z,y), zyeX. (28)
Proof. Putting 1 = xo = x and y; = yo = y in (25) we get
I (az,by) = Cf (. y)ll < O(x,y,2.y),  zy€X,

whence,
f(az, by 1
¥—f(l',y) S mg(l'vyaxay% l’,yGX. (29)
Similarly, putting z; = 2o = £ and y; = y» = ¥ in (25) we obtain
Ty x Yy
<g(=,2,2,2 )
pew-crE DG 820, aex
Define
1 2
(TE)(z,y) = 5&a'n,b%y), eV, myeX, (31)
and
1
el O(x,y,x,y), for s =1,
e(z,y) ==

ryry
e(a’ b a’b
for all x,y € X. Then, for any &, u: X2 — Y, z,y € X we have
(TE)(2,y) = (Tu)(z,y)l = |C‘ € (a2, b%y) — p(a’z, by) ||
and by (29) and (30),
T H)(@,y) = fle )l <elzy), zyeX
Next, put

(An)(z,y) =

), for s =—1,

|C’| (asx,bsy), n eRfi x,y € X.
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As one can check,

O(a™xz, by, a™x, b™y)

AN :s(asnx,bs"y) G ; for s =1,
A'e)(z,y)=——F
€l |C’|”9( 3: J as J ) for s =-1
anJrl ’ bn+l ’ an+1’ bn+1 ? - ?

for all z,y € X, n € Ny.

The operators 7 : YX* &YX and A: Rf2 — Rff satisfy the as-
sumptions of Theorem 1 in [8], therefore, there exists a unique fixed point
F: X? — Y of T such that (28) holds. Moreover,

F(z,y) = lm (T"f)(z,y), wxyeX. (32)
n—oo
Now, we prove that for any z1, 2, y1,y2 € X and n € Ny we have
" 0 aSnxl, bS’rLy17 asnl,Q’ bsny2
[(@(T"f)) (@1, 91, 22, 52) || < ( CTon ) (33)

Since the case n = 0 is just (25), fix an n € Ny and assume that (33) holds for
any x1,T9,y1,y2 € X. Then for any z1,z2,y1,y2 € X we get

(2T ) (21,91, 2, 90) |

=|[(T(T"s ) ar1z1 + a2, biyi + bayo)
Cl(T ") (@1 y1) = Co(T(T™f)) (21, y2)

03( ") (@2, y1) = Co(T(T"f)) (x2, 92) |
(7"

- H Cs F(a*(arz1 + azz), b° (blyl + bay))

—Clc (T" f)(a®z1,b%y1) — CS (T”f)(a z1,0°y2)

iy g (T D@02, 60) — Ca e (T )@ )|
1
— @H(Q(T"f))(aszl,bsyl,asxg,bsyg)n
- 9(0,3(”+1)$1, bs("“)yl, as(n+1)x2’ bs(n+1)y2)
- ‘C|s(n+1) ’

and thus, (33) holds for any x1,x2,y1,y2 € X and n € Ny.
Letting n — oo in (33) and using (27) we finally obtain
(‘I’F)(CUL?JLCU%?JZ)ZQ $17$2»y17y2€X,
which means that function F satisfies (1).
For the proof of uniqueness, assume that F’ is another function satisfying
(1) and (28). We have for all z,y € X, 1 € Ny

6ll‘,b81y) —F'(a , bsl )H

:H% Csl
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- 1
— |C’|sl
¥ ||F'<a“o: )~ 1 b))

s(l4n)+25+ bs(l+n) Sty g8 +55t 4 ps(n)+25t
S ) Z Y, — ) y)
|C|a(n+l)+ =

9n+ 2 z, b9n+ 2 v, a9n+ b9n+%y)

= QZZ |C|3’ﬂ+ ;;1 ?
n=

whence letting | — oo and using (26) we obtain F(z,y) = F'(z,y) for all
x,y € X, which finishes the proof. O

(IF (a2, b"y) - f(az, b"y)l|

Theorem 3 with 0(x1,y1, 22,y2) := & > 0 gives immediately the classical
Hyers—Ulam stability result for (1). Namely, we have the following corollary.

Corollary 1. Let (Y,|| - ||) be a Banach space, € >0, C # 0, |C] # 1, a # 0
and b # 0. If f: X2 =Y satisfies the inequality

H((I)f)(xlaylu'r27y2)” SE, T1,%2,Y1,Y2 €X7
then there exists a unique solution F': X2 — Y of (1) such that

1f(2,y) = F(z, )] < z,y € X
[1=1Cll |C|\
Proof. From (26) we have
, for |C]>1 €
. Z |C"n+1 -1 for |C|>1
T = ] ——=, for 0<|C|<1
Siofe, for0<icl<1 | Tojap T 0<lCl<
n=0
5
=——- for CeR\{-1,0,1}.
[1—|C]]

O

Remark 3. Studying the proof of Theorem 3 one can make several observa-
tions:
e We do not demand that the coefficients a1, as, b1, bo are non-zero.
o If C' = 0 then for ¢* in (26) to be well defined we take s = —1. If also
a#0,b#0, then in Theorem 3, f satisfies the condition
ry xry
(5. 2.59),  ayeX,
1l <05 228), ay
and in Corollary 1, f is bounded by e. Both, in the theorem and in the
corollary, we have then
F(z,y) = lim (T"f)(z,y) = hm C"f(f g) =0, z,y € X.

nbn
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e Ifa=0=0 (and |C| > 1, for (26) to be satisfied), we take s = 1, and we

have
0 0)
| £ - < G pny). nye X (34)
in Theorem 3, and with 0(z,y,z,y) = €, in Corollary 1.
Then

1
F(z,y) = lim (7" f)(z,y) = lim af(0,0) =0.
From (34), it follows that in Theorem 3, f is majorized by the function

6(0,0,0,0)

1
0(I7y7:€ay) + |C— 1HC|7

[Cl
and in Corollary 1, it is simply bounded.

e Ifa=0and b # 0 (and |[C| > 1) then s = 1 and the approximating
function F depends only on one variable

X235 (z,y) —

%]”(O,b”y)7 z,y € X.

Analogous approach we have for a # 0 and b = 0.
o If |C] > 1 then s = 1, and Corollary 1 coincides with the result of
Cieplinski from [10].

F(z,y) = lim (T"f)(z,y) = lim_

Theorem 4. Let (Y, - ||) be a Banach space. Assume that f: X?> — Y and
0: X* — R, are mappings satisfying inequality (25) and the conditions

=2 > ( kl>01||cz|f|03| |Cal'6"" (2, y, 2, y) < oo, (35)

n=0i+j+k-+l=n
forx,y € X and
nhj{lo Z < ik l)|Cl| |CZ|3|CJ| [en 5(ljkl)($17y1,$2,y2) =0, (36)
i+j+k+l=n »Js
for x1,20,y1,y2 € X, where

57(727j7k7l)($1,y17$27y2) =
9( Z1 Y1
(2a1)iH+m (24 K1 (2by ) iTRFm (2hy)i 1
T2 Y2
(2a)7+ (2az)FHFm” (le)i+k(2b2)j+l+m)

Then there exists a unique solution F: X? — Y of (1) such that condition
(28) holds.

Proof. Putting z1 = 55—, 22 = 5=, y1 = 53~ and y» = - in (25) (with
x,y € X) we get

|7,y - clf(;jTl, 2—?;1) - czf(;? %)
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- Bf(@ Tbl> 4f<2a2 2b2)H

c oy oy
<9(—,—,—,—), yeX. 37
=\ 201 2, 2a5 20y ny < (37)

Define
(TE)(2,y) = clg( 2b1) Ca (5 - 2b2) +03€(2%72%1)
45( 2?;2> cev¥ ayex,
and

roy r ¥y
’ = 9 ( ’ ? Y ) ? ’ X
6(1‘ y) 2&1 2b1 2a2 2b2 By €

Then, by (37), we obtain
(TH(xy) = fley)l <e(zy),  zyeX

Put also

(An)(x,y) = IClln( 30 o) +|Caln (5 @ gz ) +1Cshn ( 2%)
+| 4|77( Dby ) U€R+ sy e X

Now, using induction, we show that for any n € Ny and z,y € X we
have

waen= ¥ (S )elcrierar

i+j+k+l=n
1 N\éitd/ 1 \kH 1 Ntk 1 \J+!
% 5((%) (@) o (Tm) (@) y)
Fix z,y € X. Clearly, (38) is true for n = 0. Next, fix an n € Ny and assume
that (38) holds. Then

(A" o) (z,y) = (A(A"e)) (x,y)

n x Y ng T Y
— |Cyl(A )(2— ﬁ)HOQ\(A >(7172—b2)
+|Csl(Ame) ( —)+|c4|< )(Qi,%)
- ¥ (]kl)wn”wcsza i
i+j+k+l=n ’

€ Yy
) 6((2a1)i+j+1(2a2)’“+“ (251)”’““(21?2)”[)
3 (e

i4j+k+l=n
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x Yy
X E((2a1)1+]‘+1(2a2)k+17 (le)i+k(2b2)j+l+l>
X (e

i+jt+k+l=n

z Yy
X & ((Qal)i+j (2a9) I+ (2 )ith+T (2b2)j+l>

n . .
+ > ik l)|Cl|l|02|]IC3|k|C4|lJrl
i+jhti=n 0T

T Y
((2a1 i+j (2 )k+l+1’ (2b1)i+k(2b2)j+l+1>
n+1 i ;

> (M arercrer

i+j+k+l=n+1

Y
X € ((2a1)z+y (2a)k+t” (Zbl)i+k(2b2)j+l> )

and thus (38) is true for any n € Ny and z,y € X.

One can now show that the operators 7: YX~ — Y*” and A: R+X2 —
R~ ’ satisfy the assumptions of Theorem 1 in [8] and therefore there exists
a unique fixed point F: X2 — Y of 7 such that (28) holds. Moreover, F is
given by (32).

We prove that for any z1,z2,y1,y2 € X and n € Ny we have

||( Tnf ) x17y13x27y2 H
< Z ( k, l)|01 |02|j|03| ‘O4| 6(1J7k’l ($17y1’x27y2) (39)

itjtk+l=n
Since the case n = 0 is just (25), fix an n € Ny and assume that (39) holds for
any x1,To,y1,y2 € X. Then for any z1,z2,y1,y2 € X we get
||( Tnﬂf ) xlvylaxZayQ)H = H(T(Tnf))(alﬁ + asx2, b1y1 + bay2)
—Ci(T(T"f))(21,51) — Co(T(T"f)) (21, y2)
—C3(T(T"f))(22,51) — Ca(T(T"f)) (22, 2)||

= e “””12:1@2%2 , blylglbzyg )
+Co(T"f) ( 015512-;@2@ ’ blyl;l;bzyz
+C3(T"f) <a1x12;a2z2 ’ blyl;glbzyz
R i )
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_CH<O“7mf)(;; 2b)‘+cb(773(x1 ;;)

+C(T g0 35) + O (550037

(e (i) s (i )

+03(Tnf)<2xal2 2b1)+C4( nf)(;alg 22/;2))
=05 (OT ) (5 35) + T D (50 55 )
(

+C(T (o2, 2) + T (52, yl))

2as " 2by 2as " 2by
-GN (50 5) + T (50 33)
(T (g 2b1)+04< NG 3i))
< |01|H(‘I>(T" ))(2% ﬁ E Tm)H
+Heal|[@T D) (50 3 50 )|

2&2 2b1 2(12 2b1

el (@@ ) (50 5 5 00|

< > (’ K, l)|01|1+1|02|J|03| [enk

i+j+k+l=n

XgﬁaﬁJ><3£,4EL,jﬂa Jéa)
0 2a1" 2by 2ay 2by

b X () ericricc

it+jtk+i=n
i,9,k,1 Z1 1 T2
X(S(()Z’]’ )0 ( , Y , ,
20,1 2b2 2&1

] k+1 ('L)Jkl)
X () elierierie
i+jt+k+l=n

x(;(()z‘,j,k,l)<£ Y1 T2 112)

)
e (22 2 L)
)

20,27 le’ 20/2’ 2b1
Y (S ekerered

i+j+k+l=n
gk (LU WL T2 b2 )
0 2&27 2b2 ’ 2(12’ 2b2
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n—+1 i ) i
= > ( o l)|cl||02|J|cs|k04lagr%k’U(xhyl,xz,yQ).
i+j+k+l=n+1

We have thus shown that (39) holds for x1,z2,y1,y2 € X and n € Ny. Letting
n — oo in (39) and using (36) we see that

(q)F)(xl’ylax27y2>:07 $17$2,y1,y2€X,

which means that function F satisfies (1).
For the proof of uniqueness, assume that F” is another function satisfying
(1) and (28). Then, for any m € N we have

1F(2,y) = F'(z,y)|

H Z (z gy k, I)CICJC‘SC4

i+j+k+l=m

* [F ((zal)i+jx(2a2)k+l’ (2b1)1’+ky(2b2)j+l>

- Fl((Qal)i+J?c(2a2)k+l ’ (251)i+3(252)j+l )} H

m i oRLIlsAL
< ¥ () alerere

i+j+k+l=m

X HF ( (2a1)z‘+f(2a2)k+l’ (2b1)i+ky (sz)w)

(G @ @)

< > (5 )ererared

i+j+k+l=m

. (HF ((2a1)i+jx(2a2)k+l’ (2b1)i+’§/(2b2)j+l)

-/ ((2a1)i+;c(2a2)k+l ’ (2b1)i+’§l(2b2)f+l ) H

x Yy
+ Hf< (2a1) 1+j(2a2>k+l’ (2b1)1+k(2b2)J+l>

)

oo
m 1T
:22 Z Z (Z . [) <Zk>0 |+ |CQ|]+]‘03|k+k|C |l+l
n=0it+j+k+l=m 4541 %+I=n IR J
0( ’ Y
% (2a, )i+i+i+i+1 (a0 )k+HRHIHT (2h, )itithtk+1(2hy )i+i+I+T

z Y
(2ay )i+i+i+i+1(2ag )k+R+I+T (le)wﬂk%ﬂ(2b2)j+7+l+i)
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> n—+m i .
- 22 Z <Z ik l)|01| |02|J|C3|k|04|l
n=0 i+j+k+l=nt+m 2o s
X 9( ac d
(2a1)i+j+1(2a2)k+l ’ (251)i+k+1(2b2)j+l ’

(2a1 )19 +1(2a5)FHL (2 )itF L (2hy)i T
(oo}
n . .
=2 UVoNY; AL
> X () )erclickid
n=m i+j+k+l=n

x 6 a: y

((2a1)i+j+1(2a2)k:+l ’ (2b1)i+k+1(2b2)j+l ’

£ Y
(2a1) T+ (2az)FH1 " (20 )it +1(2by)7H ) .

Tending now with m to infinity, on the account of the assumption, it follows
that F' = F’, which completes the proof. O

Theorem 4 with 6(z1, y1, 22, y2) := € > 0 gives immediately the following
corollary on the classical Hyers—Ulam stability of (1).

Corollary 2. Let (Y,||-||) be a Banach space, € > 0 and |Cy|+|Ca|+|Cs]+|C4]
< 1. If f: X? =Y satisfies the inequality

[(@f) (1,91, 72,92)[| <, T, T2, Y1, Y2 € X,
then there exists a solution F: X? —Y of (1) such that

e
) -F ) S )
Hf(x y) (m y)” 1— (|C«1|+|C2|+|03|+|C4|)

z,y € X.
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