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On a general bilinear functional equation
ANNA BAHYRYCZ AND JUSTYNA SIKORSKA

Dedicated to Professor Ludwig Reich on the occasion of his 80th birthday.

Abstract. Let X,Y be linear spaces over a field K. Assume that f: X2 — Y satisfies the
general linear equation with respect to the first and with respect to the second variables,
that is,

{f(alm +az2r2,y) = A1 f(z1,9) + A2 f(22,y) (%)
f(CC,blyl + b2y2) = Blf(x7y1) + B2f(x7 y2)7

for all ¢, x;,y,y; € X and with a;, b; € K\{0}, A;, B; € K (i € {1,2}). It is easy to see that
such a function satisfies the functional equation

flarz1 + azxa, biys + bay2) = C1f(w1,y1) 4 C2f (w1, y2) ()
+C3f(z2,y1) + Caf(z2,92),

for all z;,y; € X (Z (S {1,2}), where Cy := A1 By, C2 := A1 B2, C3 := A2B1, C4q := A2Bs.
We describe the form of solutions and study relations between () and ().

Mathematics Subject Classification. 39B52, 39B72, 15A06, 12F05.

Keywords. Linear equation, Additive function, Biadditive function, Hamel basis, Field ex-

tension, Algebraic dependence.

Introduction

General linear functional equations have been studied for years (see, e.g., [1-4,
6,10]). In the paper, we shall study their counterpart for two-variable functions.
Let X,Y be linear spaces over a field K and f: X2 — Y. For some fixed
a;, by € K\{0} =: K*, A;, B; € K, i € {1,2}, we consider the following system
{ flarzy + azz2,y) = A1 f(21,y) + A2 f(22,9) (1)

f(@,b1y1 + baye) = Bif(z,y1) + Baf(,y2),

for all z,x;,y,y; € X, i€ {1,2}.
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Tt is easy to see that from (1) we immediately get

flarz1 4+ asxo, biyr + baye) = A1 By f(z1,y1) + A1 Ba f(21,92)
+ Ao By f(x2,y1) + A2 B f(22,92),

which leads to a more general equation

flarz1 + agxe, biyr + baye) =C1 f(z1,y1) + Caf (21, y2)
+ Csf(w2,y1) + Caf(x2,y2)

for all x;,y; € X and with fixed a;, b, € K*, C; € K, ¢ € {1,2}, j € {1,2,3,4}.

In [5], Ciepliniski asked about the general solution of (3). He also formulated
the problem whether equation (3) (or (2)) is equivalent to system (1) (by
‘equivalent’ we mean here that they have the same sets of solutions), or under
which assumptions on coefficients they are equivalent.

As already observed, from (1) we immediately get (3) with Cy := A1 By,
CQ = AlBQ, 03 = AQBl, 04 = AQBQ.

It is interesting to compare the following examples.

(2)

(3)

Ezample 1. (a) The function f(z,y) = 2y +z +y+ 1, z,y € R, satisfies
(3) and (1) with a; = b; = A; = B; = % and C; = % for i € {1,2},
je{1,2,3,4}.

(b) The function f(z,y) =2 +y, z,y € R, satisfies (3) with a; = b; = 2 and
C; =1forie {1,2}, j € {1,2,3,4}, but does not satisfy (1) with any
coefficients A;, B;.

(c¢) The function f(z,y) = 2z, x,y € R, satisfies both (3) and (1) with
a; = A, = 2,b1 = 1,()2 = 3,Bl = %,B? = % and Cj =1forie {1,2},
Jj €{1,2,3,4} even though A;B; # C;, A1 B2 # Cs and so on.

From Example 1 we see, e.g., that the conditions C; = A1 By, Cy = A1 Bs,
Cs = AsBy, C4y = A3Bs do not guarantee the equivalence between (1) and
(3). In the final part of the paper we will describe circumstances under which
(3) implies (1).

Apart from this, we can formulate a problem in the language of alienation:
Given (3), we ask when there exist Ay, Az, By, By such that (3) splits into two
equations from (1). For details concerning the description and the general idea
of the alienation phenomenon we refer the interested reader to [7,8].

In the paper we restrict ourselves to the case where K is a field of charac-
teristic zero. Then it is an extension of the field Q of the rationals.

Solutions of (1)

We start with the following
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Theorem 1. If a function f: X2 — Y satisfies (1) then there exist a biadditive
function g: X? — Y, additive functions p,v: X — Y and a constant 6 € Y
such that

f(x,y) = g(z,y) + ¢(z) +¥(y) + 6, (4)
and
glaiz,y) = Aig(z,y),
g(x,biy) = Big(x,y), (5)
Sﬁ(aﬂ?) = Az‘sﬁ(I)’ (6)
Y(biy) = Bip(y), (7)

for all z,y € X and i€ {1,2}, and, moreover,

=0 and 6 =0, whenever A; + Ay # 1 (8)
@ =0 and § =0, whenever By + By # 1.

Conwersely, for every biadditive function g: X? — Y, additive functions
p,: X — Y such that conditions (5), (6), (7) hold for all x,y € X and
i €{1,2} and for every 6 € Y such that

0(A1+A3—1)=6(B1+B2—1) =0, (9)
the function f: X2 — Y of the form (4) is a solution to (1).
Proof. Assume f satisfies (1), that is f satisfies the general linear equation with

respect to the first variable and with respect to the second variable. Hence,
(see, e.g., Kuczma [10, p. 383])

flz1+22,y) = f(z1,9) + f(z2,9) — f(0,9),
[y +y2) = flzy) + [z, y2) — f(,0), (10)
for all z,x1,x2,y,y1,y2 € X. It follows that the functions

90(1.) = f({E,O) —f(0,0), r € X, and Q/J(y) = f(oay) _f(ovo)a y € X,

are additive and satisfy (6) and (7), respectively. Furthermore, the function

9(z,y) = f(z,y) = f(2,0) = £(0,9) + £(0,0), zyeX,

is, by (10), biadditive and satisfies (5).

Moreover, from (1) we have

f(0,y) = (A1 + A2)f(0,9),

for all z,y € X. That is, if A1 + A2 # 1 then f(0,y) = 0 for all y € X
and whence, ¥ (y) := f(0,y) — £(0,0) for all y € Y and ¢ := f(0,0) vanishes.
Similarly, if By + By # 1 then f(z,0) =0 for all x € X and ¢(x) := f(z,0) —
£(0,0) for z € X and 6 vanishes. Consequently, we have (8).

The proof of the converse is a direct computation. O
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Directly from (1) we have the following.

Remark 1. If A; + Ay = 1 and By + Bs = 1 then every constant function
f: X? — Y satisfies (1). Otherwise, f = 0 is the only constant function
satisfying (1).

For the next considerations in which we study solutions of (1) in some
special cases we introduce the following conditions:

Vier,2y @i = Ai N Vieqi,2y bi = By, (o)
Vieqr,2y @i = Ai N B1+ By =1, (B)
Ay + A =1 A Vigqi0y bi = By, (7)

Ai+A=1 AN Bi+By =1, (9)

and ~(¢) means that condition (¢) fails for ¥ € {a, 3,7, d}.

Corollary 1. Let f: R? — R be a solution of (1) and assume that it satisfies
any regularity condition that forces a biadditive function to be continuous. Then
there exist o, 3,7,0 € R such that

f(z,y) =azy+pr+yy+0, z,yeR,
and moreover,

a = 0, whenever ~ (
B =0, whenever ~ (
~v =0, whenever ~ (
0 =0, whenever ~ (

Proof. On account of the regularity assumption it follows that f is continuous
and so, by Theorem 1 any solution of (1) is of the form f(z,y) = azy + Bz +
vy + 9, z,y € R with some «, 3,7,9 € R. Therefrom we derive the following
conditions

aa; = ad; ab; = aB;
aay = oAy aby = aBy
Bay = A, and B = B(B1 + Ba)
Bay = BAz vb1 = vB
7 =7(A1 + Az) by = vBs
0 =06(A1 + As) d =46(B1 + Bs),
which lead to our assertion. O

In the following results we study solutions of (1) with some rational coeffi-
cients.
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Corollary 2. Let f: X2 — Y satisfy (1) and let coefficients a;,b; fori € {1,2}
be rational. Then there exist a biadditive function g: X% — Y, additive func-
tions p,: X — Y and a constant 6 € Y such that f has the form (4), and
moreover,

g =0, whenever
p =0, whenever
1 = 0, whenever ~
0 =0, whenever ~ (J).
Remark 2. By Corollaries 1 and 2 (where in Corollary 1, g(z,y) = axy,
p(r) = Bz, Y(y) == vy for z,y € X = R, Y = R), in the described spe-
cial cases, it follows immediately that
e there exists a non-zero biadditive g which is a solution of (1) if and only
if (o) holds;
e there exists a non-zero additive function ¢ on X such that f(x,y) := ¢(z)
for all z,y € X is a solution of (1) if and only if () holds;
e there exists a non-zero additive function ¢ on X such that f(x,y) := ¥ (y)
for all z,y € X is a solution of (1) if and only if () holds;
o there exists a non-zero constant 6 € Y such that function f(z,y) =9 is
a solution of (1) if and only if (6) holds (cf., Remark 1).

Corollary 3. Suppose system (1) has a non-constant solution f: X?> — Y.
Then
(a) if Ay +Ay # 1 and for some i € {1,2}, a; or A; is rational, then a; = A;;
(b) if B1+Ba # 1 and for somei € {1,2}, b; or B; is rational, then b; = B;;
(c) if for some i € {1,2}, a; or A; is rational, and for some j € {1,2}, b,
or Bj is rational, then a; = A; or b; = B;.

Proof. Assume a; € Q. Then by (5) we obtain
(a1 — Ar)g(z,y) =0, =zyeX,
and by (6),
(a1 —A)p(x) =0, ze€X.

Consequently, a; = A or g(x,y) = ¢(z) =0 for all z,y € X, and f depends
only on the second variable. The analogous result we obtain if we assume that

as € Q
Assume now that A; € Q. Then

g((a1 - Al)x,y) =0, z,y € X, and (p((al - Al)x) =0, zeX,
and we obtain the same result as above. That is, for any i € {1, 2},
aw€QV A eQ = (=4 vV flz,y)=¢) +6 z,yeX). (A
Analogously, we obtain
beQV B eQ = (b=B; V f(z,y) =) +4, v,y € X). (B)
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Ttems (a) and (b) follow immediately from (A), (B) and Theorem 1.

For (c), suppose that a; or 4; (for some ¢ € {1,2}) is rational, a; # A;, and
b; or B; (for some j € {1,2}) is rational and b; # B;, then we would derive
that the solution is constant, contrary to our assumption. O

As an immediate consequence of Corollary 3, (A) and (B) we also obtain
Corollary 4. Suppose that (1) has a non-constant solution f: X* — Y and

assume that all coefficients a;, b;, A;, B; for i € {1,2} are rational. Then

(a) if A1+ Ag # 1 then Vieq1 0y ai = Ai;
(b) if By + Bz # 1 then Vicq1,2y bi = By
(c) vz‘e{l,2} a; = A; or vie{l,Q} b; = B;.

In what follows we shall study the general solution of (1), so also these
non-regular solutions of (1) or solutions of (1) with not necessarily rational
coefficients. We start with two results from Kuczma’s book [10], which we
present here (adapted to the settings of the paper) for the convenience of the
reader (cf., Lemmas 13.10.2, 13.10.3 therein).

Lemma 1. Givena,b,A, B € K*, let{: X — Y be a non-zero additive function
such that

§(ax) = Af(x) and §(bx) = BE(x)

for all x € X. Assume that v is a rational function in two variables with
rational coefficients. If one of the expressions r(a,b) and r(A, B) makes sense,
then the other makes sense, and

E(T(aa b)x) = T(Aa B)f(l’), reX.
Lemma 2. Let ®: Q(a,b) — Q(A, B) be an isomorphism such that
®a)=A, o) =B.

Then ®|g = id and for every rational function r € Q(x,y) such that r(a,b),
r(A, B) make sense

®(r(a,b)) =r(A, B).

Now we are ready to introduce our results concerning general solutions of
(1).
Theorem 2. The condition By + By = 1 is satisfied and
(H1) there exists an isomorphism ®: Q(a1,a2) — Q(A1, As) such that
@(ai) =A;, i€ {1,2}
if and only if there exists a non-trivial additive function p: X — Y such that
flz,y) == p(z), z,y € X, is a solution of (1).
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Proof. In order to prove the sufficiency, let H C X be a base of X over
Q(a1,a2) and let po: H — Y be any function different from zero. For z =
Y ier @ihi with a; € Q(a1,a2), by € H (i € I) we define

p(x) =Y (i)po(hs)-
icl

One can check (cf., [10] or the proof of the forthcoming Proposition 1) that such
a function is additive, uniquely determined and that f defined in the theorem
satisfies the first equation in (1). The assumption B; + By = 1 ensures that
also the second equation in (1) is satisfied.

For necessity, assume that ¢ # 0 and define a function ®: Q(ay,as) —
Q(A1, As) by the formula

®(r(ar,az)) :==r(A1, Ag)

for any rational function r with rational coefficients. The function is well de-
fined. Indeed (cf., proof of [10, Theorem 13.10.4]), suppose that 71 (a1, az2) =
ro(ay,as) for some ri,7r9 € Q(z,y). There exists o € X such that ¢(xg) # 0.
By Lemma 1,

r1(A1, Ag)e(x0) = @(ri(ar, az)zo) = p(ra(ar, az)wo) = ro( A1, Az)e(xo),
whence r1(Ay, A2) = ra( Az, Az).

The function @ is defined on the whole Q(ay, as) and maps it onto Q(A;, As)
(see, e.g., [10, Corollary 4.8.1]). Also the rational functions 7, (z,y) = 7 and
Ty(xuy) = % belong to Q(z,y), whence ®(a;) = (I)(Tz(alva2)) =71,(A1, Ag) =
Az, and ®(az) = @(ry(al,ag)) = 1y(A41,A42) = As. ® is a homomorphism.
Indeed, let a, 8 € Q(a1,az). Then o = ri(ay,as), B = ra(a1,az) for some
ri,72 € Q(x,y) and

(a+ ) = @((r1 +72)(a1,a2)) = (11 +12) (A1, A2) = B(a) + &(9),
d(af) = ‘I’((TIT?)(CH,CQ)) = (rir2) (A1, A2) = ©(a)P@(0).

We will show that & is a monomorphism. Suppose that ®(«) = 0 for some
a=r(ar,a2) € Q(a1,a2). Let o € X be such that p(xg) # 0. Suppose « # 0.
Then on account of Lemma 1,

Zo
0=r(41,A — ) = 0.
(A A2 (s ) = (o) #
This contradiction shows that ®(«) = 0 implies a = 0, that is, ® is a monomor-

phism. Since it is also an epimorphism (as pointed out above), ® is an isomor-
phism. O

Analogously, we get the following.

Theorem 3. The condition A1 + Ay = 1 holds and

(H2) there exists an isomorphism W: Q(by, by) — Q(B1, Bs) such that¥(b;) =
Bi, i€ {1,2}
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if and only if there exists an non-trivial additive function ¢: X — Y such that
flx,y) :=¢(y), x,y € X, is a solution of (1).

In the next results we are interested in the biadditive solutions of (1).

Proposition 1. Suppose that (H1) and (H2) hold. Let H,L C X be bases of X
over Q(ay,az) and Q(by,ba), respectively. For every function go: H x L =Y
such that there erists a unique biadditive function g: X2 — Y satisfying (1)
and such that glpxr. = go-

Proof. Take z,y € X. Then

xr = Zaihi, Yy = Zﬁjl]‘, (12)
i=1 j=1

where o; € Q(a1,a2), B; € Q(b1,b2) and h; € H, l; € L for i € {1,...,n},
j€{1,...,m}. Define g: X?> — Y by the formula

=30 @)W (B))g0(hi, 1)- (13)

i=1 j=1

We check that g defined by (13) satisfies (1). Take 1 = Y1 | ath;, zo =
Yo iy y =370 Byl from X. Then

gla1z1 + asxa,y) = g( Z(a;al + ol as)hy, Z lej)

i—1 j=1
_ g_: i d(aar + o} as)W(8;)go(hi, ;)
:éi(’qlq’(alHAQ (a!) W(3;)go (. 1)
=A1§;f)1<1>< (6o, )

+A2ié<1>< O (55)90 (e )
:Alg(iahl,zﬁg )+Azg(Za hz,ZBJ )

and analogously, we get

g(z,b1y1 + bayz) = Big(z,y1) + Bag(x, y2).
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Moreover, (if = h; then o; =1 and oy, = 0 for all k # i;if y = I then 3; =1
and B =0 for all k # j;if 2 =0 or y = 0 then o; = 0 for all ¢ or 3; = 0 for
all j; cf., Lemma 2)

g(hi 1) = go(hi, ;).

In order to prove the uniqueness, assume that g satisfies (1) and g|gxz = go.
For every i € {1,...,n} there exist a rational function r; € Q(z,y) such that
a; = ri(ai,az). Similarly, for every j € {1,...,m} there exists a rational
function s; € Q(z,y) such that §; = s;(b1, b2).

By Lemmas 1 and 2,

m

ozlhl,Zﬂj ) = Zzg(aihiaﬁjlj)

i=1 j=1

M:

g()(

3

I
M=
NgERE

g(n‘(ah az)hi, sj(b1, bz)lj)

@,
Il
—

<.
Il
-

I
M=
NE

ri(A1, As)s;(B1, B2)g(hi, ;)

s
Il
_

<.
Il
-

s
S

@(ri(al, ag))\I/(Sj(bb 52))9(}%7 lj)

Il
-
s M:
=
.
i
I

I
NE

(i) ¥(B5)g0(his Lj)-

&
Il
_

<.
Il
—

Consequently, g must be given by the formula (13), which proves the unique-
ness and finishes the proof. O

Theorem 4. Hypotheses (H1) and (H2) hold if and only if there exists a non-
zero biadditive function g: X? —'Y satisfying (1).

Proof. The sufficiency follows from Proposition 1, and the proof of necessity
is done similarly to that in Theorem 2. O

Corollary 5. Suppose (1) has a non-constant solution f: X? — Y. Then (H1)
or (H2) holds true.

Proof. Tt is enough to observe that system (1) has a non-constant solution
f: X? =Y, that is, using the form (4) of f,

g#0 or  p#0 or P #O. O

As an immediate consequence of Theorems 1, 2, 3, 4 and Corollary 5 we
are able to state the following.
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Corollary 6. System (1) has a non-constant solution f: X? — Y if and only
if at least one of the following conditions holds

(i) (H1) and (H2);

(ii) (Hl) and Bl + BQ = 1;

Solutions of (3)

In what follows we shall study (3). We start with the following result (see
also [9] in which a function with values in an arbitrary field of characteristic
different from two is considered).

Theorem 5. If f: X2 — Y satisfies (3), then there exist a biadditive function
g: X% — Y, additive functions ¢,: X — Y and a constant 6 € Y such that
f has the form (4) and for all z,y € X,

’ (14)

z), (15)

),
) (16)

and
§(C1+Cy+C3+Cy—1)=0. (17)

Conversely, each function f of the form (4) with g biadditive, @, additive,
and such that conditions (14), (15), (16), (17) are satisfied, is a solution of (3).

Proof. Assume f: X? — Y satisfies (3). From (3), for all 21, 22, y1,72 € X we
have

flarz1,biyr) = Cif(z1,y1) + Caf(21,0) + C3£(0,y1) + Caf(0,0),

flarz1,b2y2) = Crf(21,0) + Co f (21, 92) + C3£(0,0) + Cy f(0,92),

flagza, biy1) = C1f(0,91) + C2f(0,0) + Csf(x2,91) + Caf(22,0),

f(agwa,bay2) = C1£(0,0) + Cof(0,y2) + Cs f(22,0) + Cy f (2, y2)
Moreover, for all z1,x2,y1,y2 € X,

flarz1,0) = (C1 + Ca) f(21,0) + (C3 + Cy) f(

flagza,0) = (C3 + Cy) f(72,0) + (C1 + C2) f(

F(0,0191) = (C1 + C3) f(0,y1) + (C2 + Cy) (O

f(0,02y2) = (Ca + C4) f(0,92) + (C1 + C3) f(0

(18)

o), (19)
0).

)
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From (3), (18) and (19) we obtain

flarzy + a2z, b1y1 + baye) = f(arw1,biyr) + flarzy, bayz)
+f(azw2,biy1) + flazz2, bay)
—fla1z1,0) — f(az2,0)
—f(0,b1y1) — £(0,b2y2) + f(0,0),

and since ajazbi1by # 0, we have

flxr+m2,y1 +y2) = f(@r,y1) + f(21,92) + fz2,91) + f(22,92)
—f(21,0) — f(z2,0) = f(0,y1) — f(0,y2)
+£(0,0), (20)

for all x1,x2,y1,y2 € X.
Immediately from (20) we get

f(O,y1 +y2) = f(0,y1) + f(0,92) — f(0,0), 1,92 € X,

and
f(xl +.’I}2,O):f<$170)+f($270)_f(0,0>7 $1a$2€X7

that is, ¥(y) := f(0,y) — f(0,0) for y € X and ¢(x) := f(x,0) — £(0,0) for
x € X are additive. It is easy to check that the function g(x,y) := f(x,y) —
f(0,y) — f(x,0) + £(0,0) for all z,y € X is biadditive and

f(xay) :g(x,y) + (f(:c,O) _f(070)) =+ (f(O,y) _f(070)) +f(0a0)7 T,y € X,

which means that f has the form (4) with é = f(0,0).

Substituting this form into (3), with z; = 23 = y1 = y2 = 0 we get
0 = (Cy + C2 + C5 + C4)d, that is, we have (17).

Now, it is enough to apply (3) with f(z,y) = g(z,y) + ¢(z) + ¢¥(y) for
x,y € X. Suitable fixing of variables x1, 22, y1, y2 immediately gives (14), (15),
(16).

The converse implication we obtain by a direct computation. O

Similarly to the previous section, we start with studying solutions of (3) in
some special cases. For this purpose we introduce the following conditions:

a1by = C1 N ajby = Cy A aghy = C3 A aghby = Cy, (ca)
Ci+Cy=a; NCs+Cy = ay, (cB)
C1+C3 =01 NCy+ Cy = by, (cy)

Cr4 Cot Cs+Cy=1. (c5)
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Corollary 7. Let f: X? — Y satisfy (3) and let coefficients a;, b;, i € {1,2}, be
rational. Then there exist a biadditive function g: X? — Y, additive functions
w,0: X =Y and a constant 6 € Y such that [ has the form (4) and

g =0, whenever ~ (ca);

» =0, whenever ~ (cf);
¥ = 0, whenever ~ (c);
0 =0, whenever ~ (cd).

Remark 3. Notice that

e [(ca) A(eB)N~ (ev)] = ~ (cd)

(because then by + by =1 and C1 + Co + C3 + Cy = a1 +ax # 1),
e [(ca) A~ (cB) A (ey)] = ~ (cd)

(because then a1 +as =1 and C; + Cy + C3+ Cy = by +ba # 1).

Moreover, we have [(ca) A (¢f) A (¢y)] = (¢d).
As a consequence of Theorem 5 we also have the following.

Corollary 8. Let f: R2 — R satisfy any reqularity condition that forces a bi-
additive function to be continuous. The general reqular solution of (3) is of the
form

flx,y) =axy+fr+yy+9d, z,yeR, (21)

where a, 3,7, € R are arbitrary and such that

a =0, whenever ~ (ca);
8 =0, whenever ~ (cf3);
v =0, whenever ~ (cy);
0 =0, whenever ~ (c9).

Remark 4. By Corollaries 7 and 8, in the two special cases it follows that

e there exists a non-zero biadditive g which is a solution of (3) if and only
if (ca) holds;

e there exists a non-zero additive function ¢ such that f(z,y) := ¢(x) is a
solution of (3) if and only if (¢8) holds;

e there exists a non-zero additive function v such that f(x,y) :=(y) is a
solution of (3) if and only if (¢y) holds;

e there exists § # 0 such that function f(z,y) = J is a solution of (3) if
and only if (¢d) holds.

Before presenting the general solution of (3), we make some remarks and
observations.
As an immediate consequence of Theorem 5 we obtain



On a general bilinear functional equation

Corollary 9. A function f: X2 —Y of the form (4) is a solution of (3) if and
only if g is biadditive and satisfies (14), ¢, ¥ are additive functions satisfying
the general linear equations

wla1z1 + agxe) = (C1 + C2)p(x1) + (Cs 4+ Co)p(x2), z1,22 € X, (22)
Y(bryr +boyz) = (C1+ C3)v(y1) + (C2 + Ca)vo(y2), yry2 € X, (23)
respectively, and § satisfies (17).

Concerning non-constant solutions of (3), the following facts are of interest.

Remark 5. A non-constant function f is a solution of (3) if and only if g # 0

or ¢ # 0 or ¥ # 0.

Remark 6. If g is a non-zero function satisfying (14) then C;Cy = C3Cs. In-
deed,

C1Cug(z,y) = glarazx, biboy) = C2Csg(x,y),

moreover
Crg(z,bay) = g(a1x, bibay) = Cag(z,bry),
Csg(z,bay) = g(azx, biboy) = Cag(z,b1y),
Crg(azz,y) = g(arazr, bry) = Csg(arz,y),
Coglasz,y) = glarasw, boy) = Cag(arz,y).

In what follows we give an example of a general bilinear equation where
not all coefficients are rational which has a non-constant solution and later on
we proceed with general considerations concerning non-constant solutions of

(3).
Example 2. Consider the following equation
FQRa1 + V20, V3yy +VBy2) = (a1, 01) + f(x1,92) + 7f (22, 1)
+(V2 =) f(22,12)
for all z1,x2,y1,y2 € X. One can easily check that
f(@y) =el@), 2yeX, (24)
where ¢ : X — Y is an arbitrary additive function satisfying
o(V2x) = V2p(x), z€X, (25)

is a solution to (3).

In the sequel, we describe results concerning each of the functions ¢, ¥ and
g appearing in the form (4) separately.

Theorem 6. The function f: X2 —Y given by (24) with some non-zero addi-
tive function p: X — Y satisfies (3) if and only if
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(H3) there exists an isomorphism T': Q(ay,a2) — Q(C1 + Co,C3 + Cy) such
that F((ll) = Cl + 02 and F(ag) = 03 + C4.

Proof. By Corollary 9, function f given by (24) satisfies (3) if and only if ¢
satisfies the general linear equation (22). This fact is therefore equivalent (see,
e.g., Kuczma [10, Theorem 13.10.4]) to (H3). O

Analogously, with the use of (23), we obtain

Theorem 7. The function f: X2 — Y given by f(z,y) := ¥(y) for allz,y € X
with some non-zero additive function 1: X — Y satisfies (3) if and only if

(H4) there exists an isomorphism A: Q(by,bs) — Q(Cy + C5,Co + Cy) such
that A(bl) =C1+C5 and A(bg) = Cy + C4.

It is obvious that if both ¢ and v are not constant, then I'(a;) + I'(ag) =
A(b1) + A(b2) =C1 + Co + C3 + Cy.
In what follows we study biadditive solutions of (3).

Proposition 2. Assume a;,b; € K*, C; € K, i € {1,2},j € {1,2,3,4}. If there

exist A;, B; € K, i € {1,2}, such that

(H5) Cy = A1By, Co = A1 By, C3 = AyBy, Cy = AyBs, and both hypotheses
(H1) and (H2) hold

then for every function go: HxL — Y, there exists a unique biadditive function
g: X? =Y satisfying (3) and such that g|p« 1. = go, where H, L. C X are bases
of X over Q(ay,asz) and Q(by,bs), respectively.

Proof. We notice that the assumptions of Theorem 4 are satisfied, so for every
function go: H x L — Y, there exists a unique biadditive function ¢g: X? —
Y satisfying (1) and such that g|lgxr = go. As a consequence, since C; =
AlBl, 02 = AlBQ, 03 = AgBl, 04 = AQBQ, g satisfies also (3) [l

As a consequence of the above we can state

Theorem 8. Assume a;,b; € K*, C; € K, i € {1,2},j € {1,2,3,4}. If there
exist A;, B; € K, i € {1,2}, such that (H5) holds, then there exists a non-zero
biadditive function g: X? — 'Y satisfying (3) and, moreover, (5).

Proof. By the construction of a solution in Proposition 2, g satisfies (1). Hence,
using Theorem 1, it satisfies (5). O

Remark 7. Since a;,b; € K*, so do their isomorphic images, whenever (H5)
is satisfied. Therefore, also C; € K*. Moreover, if at least one of a1, az, b1, b2
is rational, its image being the same number is uniquely determined, and the
conditions 01 = AlB1, 02 = AlBQ, 03 = AgBl, 04 = A2B2 uniquely
determine the other numbers from A;, As, By, Bs.
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Remark 8. For every C1,Ca, Cs,Cy € K* such that C1Cy = C2Cj5 there exist
Al, AQ, Bl, BQ from K* such that

Cy = A1By, Cy = A1B,, C3 = A3By, Cy = AsBs.

Indeed, it is enough to choose one of the elements A;, Zgi, B1, By and the others
are already clearly defined. For example, if we choose A; then

§1:g7 Fzzg and Zgzg
Al Al Bl

We will come back now to Example 2.

Remark 9. Based on the above results one can see that in fact function f of
the form (24) is the general solution of the equation

F2x1 4+ V222, V3y1 + VBy2) = flzr, 1) + fla1,y2) + 7 f(22,51)
+(V2 = m) f(x2,92)

for all x1,x9,y1,y2 € X, where ¢ : X — Y is an arbitrary additive function
satisfying condition (25). Indeed, by Theorem 5 the solutions f are of the form
(4) with (14), (15), (16) and (17) satisfied. Since C;Cy = V2 — 7 # 7 = C2C3,
on account of Remark 6, the biadditive function g equals zero. The existence
of an additive function ¢ : X — Y is guaranteed by Theorem 6. Further,
none of the elements v/3,v/5 is conjugated to any of m + 1,1 + /2 — 7, so
no isomorphism ¥ : Q(v/3,v5) — Q(7 + 1,1 + /2 — 7) exists [10, Theorem
4.12.2], and by Theorem 7, ) = 0. Finally, since C + Cs + C3 + Cy # 1, we
have § = 0.

From Remark 5 and Theorems 6, 7, 8 we get the following.

Theorem 9. Assume f: X2 — Y. If at least one of the hypotheses (H3), (H4)
holds or there exist Ay, As, B1, By € K* such that (H5) holds then there exists
a non-constant solution of (3).

Theorem 8, and so Theorem 9, give a sufficient condition for the existence
of a non-constant solution of (3). Some approach for obtaining the necessary
conditions in the case Y is a field is given in [9, Section 6]. Therefore it is
worth finishing this section with formulating a problem.

Problem 1. Find the general (biadditive) solution f: X2 — Y of (3).

Equivalence of (1) and (3)

Comparing the form of solutions of (1) and (3), we come back to the question
about conditions which have to be satisfied for (1) and (3) to be equivalent.
First we answer this question in two special cases: for equations with rational
coefficients and when we are looking for regular solutions f: R? — R.
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On account of Remarks 2 and 4 we are able to prove the following result
which completely describes the equivalence between (1) and (3) in these cases.

Theorem 10. Let f: X2 — Y and ay,a2,b1,ba € Q% orlet f: R2 — R be a
reqular solution of (1) or (3). Then (1) and (3) are equivalent (have the same
set of solutions) if and only if one of the following conditions hold:
1° (a) AN (ca) A ((a1 + ag = b1 + bg = 1) \Y (a1 + CLQ)(bl + b2) 7& 1),
20 Vie{lg} a; = Ai A 3i€{1,2} bi 7é Bz A Bl + B2 =1 N ~ (CO() A (Cﬂ) A\
~ (ev);
3° Jieqroy @i # Ai AN Viequoy bi = Bi A A+ Ay =1 A~ (ca) A
~(cB) A (e7);
4° ~ ((@) V (ca) V (B) V (¢B) V (7) V (e7))
A (Cl +Co+C3+Cy=A1+A3=B; +By =1
\% (Cl +Cy+C3+Cy 75 1A (A1 —|—A2)(Bl —|—Bg) 75 1))

Proof. Assume that (1) and (3) are equivalent.

I. We start with the case when there exists a non-zero biadditive function
g which is a solution of both (1) and (3), that is, by Remarks 2 and 4, («) and
(ca) are satisfied.

Since under the above assumptions we have

(Cl+02:(11/\03+04:(12) < B+ By=1
and
(01+C3=b1/\02+04=b2) & A+ Ay =1,

it is crucial that () and (¢d) hold simultaneously, and this we have if either
ai+as = by +by =1, 0r (a1 +az)(by +b2) # 1. Consequently, we have obtained
1°.

II. Assume that only the zero biadditive function g satisfies (1) and (3).

Observe first that it is impossible that the solution in such a case consists
of both a non-zero ¢ and a non-zero v. Indeed, in such a case («) would hold,
contrary to the assumption.

Assume that there exists a non-zero ¢ and only ¥ = 0 forms the solution.
Then we have ~(a), ~(ca), (8), (¢8), ~(7) and ~(c7). By ~(a) and (8) we
have Vicq19y ai = Ai, Jicq1,2) bi # Bi and By + By = 1. By (cf) it follows
that C; + Co + C3 + Cy = a1 + as = Ay + A,. This means that () and (cd)
are equivalent, and we have 2°.

Assume that there exists a non-zero ¢ and only the zero functions g and
¢ are parts of the solution of (1) and (3). Then we have ~(«), ~(ca), ~(3),
~(cfB), (v) and (cv), and we proceed analogously as above, obtaining 3°.

Assume finally, that there are only constant solutions of (1) and (3), that
is, ~(a), ~(ca), ~(83), ~(cf), ~(v) and ~(cy) hold. That means that either
any non-zero constant or only f(z,y) = 0 is a solution both to (1) and (3).
Therefore, either C; +Co +C3+Cy = A1+ Ay =B+ By =1or (Ol +C5 +
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C3+Cys#1and (A1 + Ay #1or By + By # 1)) The above conditions gives
4°.

For the converse, assume now that 1° holds. It means that function f(z,y) =
g(z,y)+¢(z)+1(y)+ 0 with any biadditive g satisfies both (1) and (3). If also
a1 + as = by + be = 1, then (8), (v) and (J). And by («), also (cf), (¢y) and
(cd). All further computations are direct on account of Remarks 2 and 4. O

The next result solves the problem of alienation answering the question
when, given (3), there exist Aj, A, By, Bo € K such that f satisfying (3) is
also a solution of system (1), so in other words, when (3)“splits” into system
(1) of two equations? It follows directly from Theorem 10.

Theorem 11. Let f: X2 — Y be a solution of (3) with a1, az, by, by € Q* or let
f:R2 = R be a reqular solution of (3). Define A;, B;, i € {1,2}:
1° if (ca) and (a1 +ag =by + by =1) V (a1 + a2)(by +b2) # 1, then take
Ai =a; and Bz = bi, 1€ {1,2},
2° if ~ (car), (¢B) and ~ (c), then take A; := a; and B;, i € {1,2}, such
that By + B =1 and B; # b; for some i € {1,2};
3° if ~ (ca), ~ (cB) and (¢7), then take B; :=b; and A;, i € {1,2}, such
that Ay + Ay =1 and A; # a; for some i € {1,2};
4° if ~ (ca), ~ (¢f) and ~ (¢), then take arbitrary A;, B;, i € {1,2},
such that A; # a; for some i € {1,2}, B; # b; for some i € {1,2} and,
moreover, Ay + Ay = By + By = 1 whenever (¢d), and (A; + A2)(B; +
Bs) # 1, whenever ~ (c).
Then the function f satisfies (1) with given a;,b; and defined as above coeffi-
cients A;, B; fori € {1,2}.

Now, we will provide conditions which guarantee that (1) and (3) are
equivalent in the general case. We will say that two non-zero numbers z and
y are rationally dependent if there exist rational numbers £ and 7 such that
Ex+ny =1

Before presenting the first main result of this section we prove the following.

Lemma 3. Assume that a;,b; € K*, A;,B;,C; € K, i € {1,2},j € {1,2,3,4}
and hypothesis (H5) holds.

(1) If (H3) and a1, a2 are rationally dependent, then By + By = 1. Con-
versely, if By + By =1, then (H3) holds.

(ii) If (H4) and by,by are rationally dependent, then Ay + Ay = 1. Con-
versely, if Ay + A2 =1, then (H4) holds.

Proof. First we assume that hypothesis (H3) holds and a1, as are rationally
dependent. Indeed, we have

I‘(al) = Cl + CQ = A1B1 + AlBQ = @(al)\Il(bl + bg),

F(CLQ) = 03 + 04 = A2B1 + AQBQ = ‘I)(ag)\ll(bl + b2)
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Since aq,as are non-zero, so are ®(ay), P(az) and
I'(a1) [(az)
®(as) ®(az)’
that is T'(a;) = u®(a;) for some p # 0 and for ¢ € {1,2}.
Since a1, as are rationally dependent, there exist rational numbers £ and n
such that £a; + naz =1 and, consequently (since ®|g = I'|g = id),
1= ®({ar +naz) = I'(€ar + naz) = péP(ar) + pn®(az) = p@(§ar +naz) = p,

that is p =1, and By + By = 1.

For the converse it is enough to observe that C; +Cs = A1 B1+ A1 By = A3
and C3 + Cy = Ay By + A3 By = As, and to define I := .

Analogously we show the second item. O

=U(by + by) =

Theorem 12. Assume that a;,b; € K*, A;, B;,C; € K, i € {1,2},j € {1,2,3,4}.
If one of the conditions
(I) (H5) ANA+Ay=1AB;+By=1;
(II) (H5) A AL+ Ay #1 A B +By=1;
(i) (H5) A A1 +As=1 A By +By #1;
(v) (H5) AN A1+ As#1 AB1+Ba#1 A (A1 +A2)(B1+B2)#1 A
~ (H3) A ~ (H4);
(V) C1Cy 75 CyC3 N Bi+By=1 A (Hl) N ~ (H2) A (H3) N~ (H4),
(vi) C1Cy # CoCs N A1+ Ay =1AN ~ (H1) A (H2) A ~ (H3) A (H4);
(vir) C1Cy # CoC3 A ~ ((H1) Vv (H2) v (H3) v (H4))
AN(C1+Co+C3+Ci=A1+A; =B+ By =1
V (Cl +Co+C5+CYy 75]./\(1414-142)(31 +Bz) 75 1))
holds then (1) and (3) are equivalent.

Proof. First we observe that from Theorem 8 in all first four items there is a
biadditive function g satisfying (1) and (3) and we have

Al +Ay=1 AN Bi+By=1 & C1+Ce+C3+Cy=1.

In case (1), on account of Lemma 3 the hypotheses (H3) and (H4) hold, so a
function f of the form (4), where g is a biadditive function satisfying (5), ¢, ¥
are additive functions satisfying (6) and (7), respectively, and ¢ is an arbitrary
constant, is a solution of both (3) and (1).

In case (11), on account of Lemma 3 the hypothesis (H4) does not hold.
Indeed, if we suppose that (H4) holds, then since by +be = 1, that is, by, by are
rationally dependent, we would get that A; + Ay = 1, which is a contradiction.
The hypothesis (H3) holds, so the general solution of (3) as well as of (1) is
f(z,y) = g(z,y) + p(z), where g is a biadditive function satisfying (5) and ¢
is an additive function satisfying (6) as well as (15).

Analogously we show the equivalence of (3) and (1) in cases (111) and (1v).
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Now, we assume that C1Cy # C3C53. On account of Remark 6, there is no
nontrivial biadditive function satisfying (3). This corresponds to the situation
when there does not exist an isomorphism ® (more exactly, we have ~ (H1))
or there does not exist an isomorphism ¥ (more exactly, we have ~ (H2)),
which means that there is no nontrivial biadditive function satisfying (1). It
follows also that the general solution of (1) and (3) in this case does not consist
of both non-zero ¢ and non-zero .

Assumptions By + B; =1 A (H1) A ~ (H2) A (H3)A ~ (H4) ensure that
f(z,y) := p(z) with non-zero ¢ such that both (6) and (15) hold true satisfies
(1) and (3). Moreover, there is no non-zero ¢ such that f(z,y) := ¢ (y) satisfies
(1) and (3). Further, we have

I'(a1 +a2) = C1 + Cy+ C3 + Cu.

If1=A14+As = (a1 +aq), then a1 +a2 = 1, and consequently, Cy +Cy+Cs+
C4 = 1, and conversely. That is, either every ¢, or only § = 0 simultaneously
appears in the solution of both (1) and (3).

Analogously, we treat the case with A; + A = 1 A ~ (H1) A (H2)
A ~ (H3) A (H4).

From C,Cy # CoC5 A ~ ((H1) v (H2) v (H3) v (H4)) we know that only
constant functions are taken into account as solutions of (1) and (3). Condition
Ci1+Co+C34Cy=A14A =B +By =1V (C1 +Co+C35+Cy #11
A (A1 + A2)(By + Bs) # 1) ensures that either only the zero function or each
constant function is simultaneously a solution of (1) and (3). O

The following examples will show that under the hypothesis (H5) we cannot
expect that the conjunction (H1) and B+ Bz = 1 is equivalent to (H3) (or that
the conjunction (H2) and A; + A2 = 1 is equivalent to (H4)) (cf., Lemma 3).

Example 3. Let a1 = m,a9 = 2m,by = by = 1,41 = e, Ay = 2¢,B; = By =
1,0y = Cy =e,C3 = Cy = 2e. Then we have C; = A1 By, Cy = A1By, C3 =
Ao By, Cy = AyBs, there exists an isomorphism ®: Q(7w) — Q(e) such that
®(7) = e and ¥ := id. So, we have (H5) and every biadditive function g: X? —
Y such that

g(rz,y) = eg(z,y), z,yecX (26)

is a solution of both (3) and (1).

Further, there exists I': Q(7) — Q(e) such that I'(r) = Cy + Cy = 2e and
I'(27) = C5+Cy = 4e (i.e., (H3) holds), and there does not exist A: Q(by,bs) =
Q — Q(Cy 4+ C3,C3 + C4) = Q(e) such that A(1) = 3e. Consequently, the
function f(x,y) = g(x,y) + ¢(z), z,y € X, with additive ¢ satisfying the
condition

p(rx) = 2ep(x), x€ X,

is the general solution of (3).
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Since A1 + A2 # 1 and By + By # 1, the function f = g with biadditive g
satisfying (26) is the general solution of (1), so (1) and (3) are not equivalent.

Consequently, we see that in Lemma 3 we have to make an additional
assumption to (H3) in order to get By + By = 1. The question is how weak
this additional assumption may be.

We say further that x and y are algebraically independent over Q if they
do not satisfy any non-trivial polynomial equation with coefficients in Q. It is
interesting to ask whether rational dependence in Lemma 3 can be exchanged
for algebraic dependence. The answer is given in the next example.

Example 4. Let ay = \/7,as = 2m+1, A; = e, Ay = 2¢?+1 and let by, by, By, B
and Cj,j € {1,2,3,4}, be such that (H5) and (H3) are satisfied. We have
®(\/7) = e and
F(\/?T) = Cl + CQ = Al(Bl + Bg) = B(Bl + Bg),
F(27T +1)=Cs+Cy=As(B1+ B2) = (262 + 1)(B1 + Bs).
From the other side,
F@2r+1)=2I(v7)? + 1 =2¢*(By + B2)? + 1.

If pu := By + Ba, then (2e%+1)u = 2e%u?+1, that is 2e?p? — (22 +1)u+1 = 0.
Solving this equation with respect to p, we obtain u; = ﬁ and po =1, so in
this case By + By may be different from 1. Therefore in Lemma 3 we cannot
replace rational dependence by algebraic dependence.

Later on we will still need the following result.

Lemma 4. Let a;,b;,C; € K*, i€ {1,2},5 € {1,2,3,4} and C1Cy = C2Cs5.

If a1, as or by, by are rationally dependent, then each non-zero biadditive func-

tion satisfying (3) satisfies also (1) with

B,y o Ooi
Cy

whenever a1 + nag =1 for some £, € Q, and

Alc?’, B; = Q’
Ch Ay

whenever uby + vby =1 for some p,v € Q.

By =&C +nC3, By = ,ie{1,2} (27)

A1 = ,Ll,Cl + 1/02, A2 = i€ {1,2} (28)

Proof. We assume that a1, as are rationally dependent and g is a biadditive
function satisfying (3). Then there exist two rational constants &, 7 such that
€ay +naz =1 and
g(z,biy) = g((ar +naz)z,bry) = g(Earz,biy) + g(nazw, biy)
= &g(arz, bry) + ng(azz, biy) = (C1 +1C3)g(z,y),
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S0,
By =&£C1 +nCs,
and the further coefficients Ay, Ao, Bo are already uniquely determined (cf.,

Remarks 7 and 8), A; := Cgl‘l,i € {1,2} and By := Bé,—??, moreover

gla;r,y) = Aig(x,y),i € {1,2} and g(x,boy) = Bag(z,y).

Analogously, we proceed in the case when by, bs are rationally dependent. [J

The next result discusses the alienation problem.

Theorem 13. Assume that a;,b; € K*, C; € K, i € {1,2},5 € {1,2,3,4} and
f: X? =Y satisfies (3). Define A;, B; € K, i € {1,2}:
(1) if C1Cy = C3C5, a1 + az = by + by = 1, (H3) and (H4), then take
A :=C1+Cy, Ay :=C3+ Cy, By :=C1+Cz and By := Cy + Cy;
(H) Zf C1Cy = CoC3, ay + as 7é 1, by + by =1, (H3) and (HQ) with B; :=
%72’ € {1,2}, then take A; = Cy + Cy, Ay := C3 + C4, and
B, i € {1,2}, as defined above;
(HI) if C1Cy = C3Cs, a1 +as =1,b; +by #1 and (H4) and (Hl) with
A = 6912-:-76}37 i € {1,2}, then take By := Cy + C5, By := Cy + Cy, and
A;, 1 € {1,2} as defined above;
(IV) if C1Cy =C5C5,a1+as #1,b1+by#1,Ci+Co+C5+Cy #1,
and ((a1,az are rationally dependent A ~ (H4) A (H1) A (H2) with
(27)) V (b1,bs are rationally dependent A ~ (H3) A (H1) A (H2) with
(28))), then take Ay, As, B1, By as indicated above;
(V) if C1Cy 75 CoC3 A (H3) N~ (H4), then take Ay := C1 + Cy, Ag :=
Cs + Cy, and arbitrary By, By such that ~ (H2) and By + By = 1;
(VI) if C1Cq # CoC3 N~ (H3) AN (H4), then take By := Cy + C3, By :=
Cy + Cy, and arbitrary Ay, As such that ~ (H1) and Ay + Az = 1;
(vir) if C1Cy # C3C3 N ~ (H3) A ~ (H4), then take arbitrary Ay, As, By, Bo
such that ~ (H1) A ~ (H2) and, moreover, Ay + Ay = By + By =1
whenever C1 +Co+C3+Cy =1, and (A1 + A2)(B1 + Bs) # 1, whenever
Ci+Cy+C3+Cy #1.
Then f satisfies (1) with given a;,b; and with coefficients A;, B; for i € {1,2}
as defined above.

Proof. In case (1), since C1Cy = C5C3, we have
A1By = (Cl + CQ)(C1 + Cg) = 01(01 +Cy + C5 + 04) =1,

and analogously we check that Cy = A1 Bs, C3 = A3 By, Cy = A3 Bs. Hypothe-
ses (H1) and (H2) hold with ® :=T" and ¥ := A. Moreover, it is easy to see
that A; + Ay = B; + By = 1 and the assertion follows from Theorem 12.

For (11), it is necessary first to observe that Cy + Cy # 0. Indeed, by (H3),
there exists the isomorphism I' such that (among others) I'(a;) = C; + Cy,
and since a; # 0, so does C1 + Cs. The rest follows from Theorem 12.
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We treat cases (111)-(VvII) similarly (using additionally Lemma 4 for proving
(1v)) . O

Remark 10. In the above theorem, for alienation in case (V) it is enough to
take By := ¢ € Q\{b1,0,1}, By := 1 — By, in case (VI) it is enough to take
Ay :=q€Q\{a1,0,1}, Ay :=1— Ay, and in case (VII), A; := C1 +Cy, Ay :=
C3+Cy, By :=C1 4+ C3and Bs:=Cy + Cy.

In case (1v) of Theorem 13 we can not replace rational dependence with
algebraic dependence, which is shown by the following.

Ezample 5. Let a1 = /7, ag = 27T+1 by =355, bo=57— 355, C1 = 5, Co =
216 55, O3 = 26 H ,Cy =1+ 262 26 “ . We have to take By = = (we want
(H2) to hold) and A1 = e, Ay = 2¢? —|— 1, By = 555 — 55. Then, 1t is easy to
check that the condition

Ci1Cy=0C5C3 Nar+as#1 ANbi+ba#1 NC1+Co+Cs+Cy#1

A ((a1,az are algebraic dependent A ~ (H4) A (H1) A (H2))
is satisfied, moreover (H3) holds. The additive function ¢ such that ¢(y/7z) =
ep(x) is a solution of (3) but is not a solution of (1).

Theorem 12 gives sufficient conditions for the equivalence of (1) and (3).
Therefore, it seems natural to state the following.

Problem 2. Find conditions which completely describe the equivalence be-
tween (1) and (3).
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