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ARTICLE INFO ABSTRACT

Article history: In this paper, we study a subclass of piecewise-deterministic Markov processes
Received 2 February 2021 with a Polish state space, involving deterministic motion punctuated by random
Accepted 25 October 2021 jumps that occur at exponentially distributed time intervals. Over each of these
Communicated by Francesco Maggi intervals, the process follows a flow, selected randomly among a finite set of all
MSC: possible ones. Our main goal is to provide a set of verifiable conditions guaranteeing
60725 the exponential ergodicity for such processes (in terms of the bounded Lipschitz
60J05 distance), which would refer only to properties of the flows and the transition law
37A30 of the Markov chain given by the post-jump locations. Moreover, we establish a
37A25 simple criterion on the exponential ergodicity for a particular instance of these

processes, applicable to certain biological models, where the jumps result from the

ggﬁf/?jj deterministic Markov action of an iterated function system with place-dependent probabilities.
process ©2021 The Author(s). Published by Elsevier Ltd. This is an open access article under

Switching semiflows the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Piecewise-deterministic Markov processes (PDMPs), first introduced by Davis [18] in 1984 (cf. also [19,20]),
constitute a general class of non-diffusive Markov processes, for which randomness stems only from
the jump mechanism, including the jumping times, the post-jump locations and other changes occurring
at the moments of jumps. This huge family of processes is extensively used for modelling purposes in many
applied subjects, like biology [8,9,13,34,39], storage modelling [7] or internet traffic [24].

In this paper, we are concerned with the PDMPs that evolve on a Polish space through jumps arriving
according to a Poisson process. This means that the span of time between consecutive jumps is exponentially
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distributed with a constant rate \. Between any two adjacent jumps, the dynamics of these processes is
driven by one of the semiflows, randomly selected from a finite set {S; : ¢ € I} of possible ones, according
to a given stochastic matrix [m;;]; jer. The state right after a jump (usually called the post-jump location)
depends randomly on the one immediately preceding this jump, and its probability distribution is governed
by a given Markov transition function (a stochastic kernel) (y, B) — J(y, B).

More specifically, given an arbitrary Polish metric space Y, we shall investigate a stochastic process
= {(Y(t),£(t)) }+>0 with values in X := Y x I, whose motion can be described as follows. Starting
from some initial value (yo, o), the process evolves deterministically in such a way that {Y (¢)};>o follows
t — Si(t,y0) until the first jump time, say ¢t; > 0. At this moment the trajectory of the first coordinate
jumps to another point of Y, say y1, so that the probability it will fall into a Borel set B C Y is
J(Sio(t1,0), B). At the same time the index of the “active” semiflow, determined by {{(t)}/>0, is randomly
switched from i to another (or the same) one i; with probability m;,;,. Then the motion restarts from
the new state (y1,41) and proceeds as before. Formally, the process ¥ can be therefore defined by setting

Y(t) =8¢, (t —7,,Y,) and &(t) =&, for te€[m,, mTmi1), n € Ny,

where ¢ = {(Ye, &0, Tn) fnenugoy is a time-homogeneous Markov chain with state space X x [0,00) and
transition law satisfying

P(@pi1 € Bx EXT| &, = (y,i,s)) = Y m / Ae M) J(Si(t,y), B) dt

forany n € NU{0},y € Y,i € I,s > 0 and Borel sets B C Y, 5 C I, T C [0,00). Obviously, all
the randomness of the PDMP ¥ is contained in the chain &. What is more, the sequence ¢ := {(V;,,&,)}n
of the post-jump locations itself is an X-valued Markov chain (with respect to its natural filtration). Clearly,
on the family of rectangles B x = (where B C Y is a Borel set, and = C I), the transition law of this chain
takes the form

oo
P((y,i),Bx &) :=P(Pp41 € BX & | &, = (y,1)) = ij/ e M (Si(t,y), B) dt.
jes 0

The subclass of the PDMPs considered here somewhat resembles those investigated in [1-4,11,12]. All
these papers, however, focus on processes evolving on finite-dimensional (and thus locally compact) spaces.
While proving the existence of invariant distributions and ergodicity (usually in the total variation norm) in
such a setup, one can use various adaptations of conventional methods of Meyn and Tweedie [36,37], based
mainly on the Harris recurrence (assured e.g. by Hormander-type bracket conditions, just as in [3]) or some
criteria referring to the so-called drift towards a petite set. These techniques, however, are mostly valid only
for y-irreducible processes, which is, obviously, not the case in our framework. On the other hand, [10],
for instance, deals with a large class of regime switching Markov processes (a much more general family
than that of PDMPs), which take values in a Polish space. Nevertheless, the criteria on the exponential
ergodicity (in the Wasserstein distance) provided in that work are based on fairly general assumptions, such
as the “exponential contractivity” of the given Markov semigroups or a Lyapunov—Foster type condition in
the continuous-time context, which might be difficult to verify in practice (at least in a direct way).

The main goal of this paper is to provide relatively easy to check conditions on the kernel J and
the semiflows S; which would guarantee that both the transition operator of the chain @ and the transition
semigroup of the process ¥ are exponentially ergodic in the bounded Lipschitz distance (equivalent to
the one induced by the Dudley norm [22]). Such a metric, also known as the Fortet—Mourier distance
(see e.g. [31,33]), is defined on the cone of non-negative finite Borel measures on X, and induces the
topology of weak convergence of such measures [6]. Roughly speaking, the aforementioned form of ergodicity
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means that the process under consideration admits a unique stationary (invariant) distribution, to which its
distribution converges at an exponential rate in the Fortet—Mourier distance, independently of the initial
state. The rigorous meaning of this term is given in Definitions 2.1 and 2.2. The general strategy of our
approach is as follows:

(I) We begin with showing that, whenever J enjoys some strengthened form of the Feller property, there
exists a one-to-one correspondence between the set of invariant distributions of the process ¥ and those
of the associated chain @ (Theorem 5.1).

(IT) Next, we note that the existence of an appropriate coupling (&), #)) between two copies of &,
such that the mean distance between them decreases geometrically with time, in conjunction with
the so-called Foster—Lyapunov drift condition (see, e.g., [21, Definition 6.23]) and the Feller property
imposed on P, ensures the exponential ergodicity of @ (Lemma 6.1).

(ITT) The essential step in our analysis is proving that, for a given coupling (#(), #()) of the chain &
enjoying the property indicated in (II), the corresponding coupling of the process ¥ has an analogous
property, provided that the semiflows S; fulfil a certain Lipschitz-type condition (Lemma 6.2). The key
idea here is partially inspired by the techniques used in the proof of [10, Theorem 1.4].

(IV) From the results discussed in steps (I)—(ITI) we can conclude that, under suitable assumptions on
the semiflows S; and the kernel J, providing all the requirements mentioned above, the existence of
an appropriate coupling of @ implies the exponential ergodicity of the process ¥ (Theorem 6.1).

(V) Finally, we employ some additional hypotheses which, together with the previous ones, ensure that
the coupling mentioned in (II) exists. This leads us to the main result of the paper, stated as
Theorem 7.1. In particular, at this stage we require the existence of a substochastic kernel Q; on Y2
with certain specific properties (in the spirit of [15,29]), such that

QJ((yLyZ)a - X Y) < J(yl’ ) and QJ((?/LZM),Y X ) < '](y27')7

which further enables us to construct a substochastic kernel Qp on X2, having the analogous properties
with respect to P (Lemma 7.1). The transition function of the desired coupling can be then defined as
the sum of @ p and a suitable complementary kernel (Proposition 7.1). Such a construction is inspired by
the ideas of Hairer [25], regarding the so-called asymptotic coupling technique (also used e.g. in [41,43]).

What is especially noteworthy here is the fact that this approach also elucidates the way in which
the exponential ergodicity of the PDMP ¥ is inherited from the same property for the associated chain @.
This is visible in steps (I) and (III).

The obtained general result (i.e. Theorem 7.1) is further applied to derive a simple criterion on the expo-
nential ergodicity (in the Fortet—Mourier distance) in the case where the jump kernel J is a transition law
of a random iterated function system (Proposition 7.2). This is done by taking advantage of the fact that
the kernel @y, playing a key role in step (V), can be defined explicitly in such a model. More specifically,
we discuss the case in which J is given by

J(y,B) = / 15 (we(y))pe(y) ¥(d) for each y € Y and any Borel set B C Y,
e

where {wg : 0 € O} is an arbitrary family of continuous transformations from Y to itself, indexed by
the elements of a measure space (6,v), and © 3 0 — py(y), y € Y, is the associated set of state-dependent
probability density functions with respect to 1. In this setting, the model under consideration may serve as
a framework for analysing the dynamics of gene expression in prokaryotes (see e.g. [5,14,34]), discussed in
more detail within Example 7.3. Moreover, if #(©) = 1 and pp = 1 for every § € O, then {Y(t)};>0 can
be treated as the solution to a stochastic evolution equation with Poisson noise (see, e.g., [17,26,30,32,35]).
An interpretation of Proposition 7.2 in this setup is presented in Example 7.2.
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The discrete-time dynamical system @ with the above-specified shape of the jump kernel J, even in
a more general setting, wherein the probabilities 7;; depend on the state, has been more widely examined
(in terms of ergodicity and classical limit theorems) in our previous articles [14-17]. For instance, in [14],
the exponential ergodicity of @ has been used to prove the strong law of large numbers for the chain
{f(®n)}nenuqoy (with a Lipschitz continuous function f: X — R), which, in turn, has enabled us to derive
the analogous law for the process {f(¥(t))}i>0 (without using the ergodicity of ¥). The result provided in
the present paper should prove to be useful in establishing also the central limit theorem for this process,
which would be rather difficult to achieve based only on the properties of &.

The organization of the paper is as follows. In Section 2, we introduce notation and some basic concepts
regarding Markov semigroups acting on measures, including the employed definition of ergodicity. Section 3
provides a detailed description of the subclass of the PDMPs under study. In Section 4, we list and
discuss all the assumptions underlying our main results. Section 5 is devoted to establishing a one-to-one
correspondence between invariant distributions of the processes ¥ and &, that is, the realization of step (I).
The essential part of our analysis, referring to the coupling argument, which has been described within
steps (IT)—(IV), is contained in Section 6. Step (V), including the construction of a suitable coupling for &,
is included in Section 7. Finally, also in this part of the paper, we state the main result and discuss some
special cases of the model, for which the jumps are determined by a random iterated function system.

2. Preliminaries

Consider a complete separable metric space (E,p), endowed with its Borel o-field B(E). By Bg(z,r)
we will denote the open ball in E centred at x of radius r > 0. The symbol 1,4 will be used to denote
the indicator function of a subset A of E (or any other space, which should be clear from the context).
Additionally, we set Ng := NU {0} and Ry := [0, 00).

Let By(F) stand for the Banach space of all real-valued, Borel measurable functions on F, equipped with
the supremum norm || f|| = sup,cg |f(z)|. By Cy(E) we shall denote the subspace of By(E) consisting of
all continuous functions. In addition to this, we also define the set Lip, ; (E) as follows:

Lipy 1 (E) = {f eCy(E): 0< f<1, EZEW < 1}.

Moreover, we will write M(E) and M,,.05(E) to denote the cone of all finite non-negative, Borel measures
on F, and its subset consisting of all probability measures, respectively. Further, given any Borel measurable
function V : E — [0, 00), we shall consider the subset M;/mb(E) of Mp,ob(E) consisting of all measures with
finite first moment with respect to V, that is,

M (B) = {uw € Myas(B) [ Vi) utde) < o0

For brevity of notation, the Lebesgue integral || g [ du of a Borel measurable function f: E' — R with
respect to a signed Borel measure p — if exists — will be sometimes denoted by (f, x). Furthermore, we will
write d,, for the Dirac measure at © € F on B(E).

To describe the distance between measures, we will use the Fortet—-Mourier metric (equivalent to
the metric induced by the Dudley norm [22]), which on M(FE), is defined by

dearp(iv) = swp  [(fiu—v)| forany pve M(E).
f€Lipy 1(E)

It is well-known that, as long as F is separable (which is the case here), the metric dras,, induces the topology
of weak convergence of measures on M(E) (cf. [22, Theorems 6 and 8] or [6, Theorem 8.3.2]). Let us recall
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here that a sequence {fn tnen C M(E) of measures is called weakly convergent to a measure p € M(E) if
(fypn) — (f, 1), as n — oo, for any f € Cy(FE). Moreover, if (E, p) is complete (which is also the case in
our setting), then so is the space (Mprop(E), dras,p) (see [22, Theorem 9]).
Before further discussion, it is also useful to recall several basic concepts in the theory of Markov operators.
A function P : E x B(E) — [0,1] is called a (sub)stochastic kernel if for each A € B(E), x — P(z,A)
is a Borel measurable map on FE, and for each € E, A — P(x, A) is a (sub)probability Borel measure on
B(E). The composition of two such kernels, say P and @Q, is defined by

(z,A) / Q(y,A)P(x,dy) forany xz€ E, A€ B(E). (2.1)

According to this rule, we can also define recursively the so-called n-step kernel P", by setting P! := P and
pntl.— PP for every n € N.

For any (sub)stochastic kernel P, we can consider two operators (which will be denoted by the same
symbol), one acting on M(E), and the second one acting on By(E), defined by

uP(A /Px A)p(dx) for pe M(E), Ae B(E), (2.2)

/ f(y) P(xz,dy) for f € By(E), z€E. (2.3)
Note that these operators are related to each other in the following way:

(f,uP) = (Pf,u) forany fe By(E), pe M(E).

Obviously, the nth iterations (-) P™ and P™(-) are induced by the n-step kernel P™. If P is a stochastic kernel,
then P : M(E) — M(E), given by (2.2), is called a (regular) Markov operator, and P : By(E) — By(E),
defined by (2.3), is said to be its dual operator. Let us stress that formula (2.3) will be sometimes applied,
with a slight abuse of notation, to unbounded above functions as well; for example, we shall write Pp(-, z*)
(for a fixed z* € E).

A family of stochastic kernels {P;}icr, (or the induced family of Markov operators) is called a Markov
semigroup if PsP; = Py, for any s,¢ > 0 in the sense of (2.1), and Py(x,-) = ¢, for every x € E. In terms
of Markov operators, this is obviously equivalent to saying that Ps o P, = Py, for all s,¢ > 0, and (-) Py is
the identity map.

Given a stochastic kernel P on E x B(E) and p € M,,,0p(E), by a time-homogeneous Markov chain with
(one-step) transition law P and initial distribution g we mean a sequence of E-valued random variables
9 = { P, },cn,, defined on some probability space (2, F,P,), such that, for any A € B(E) and n € N,

Pu(0y € A) = u(A), (2.4)
PM(¢n+1 €A | ]:n) = ]P)(@n+1 S | (Pn) = P(@n,A)7 (25)

where F,, is the o-field generated by @, ..., ®,. The expectation operator with respect to IP, is then denoted
by E,. In the case where 1 = §, with some « € E, we simply write P, and E, rather than Ps, and E;,,
respectively. Obviously P, = P,(:|®o = ) for any x € E.

One can easily check that, for every k € N, the k-step transition probabilities of @ are determined by
the kernels P* i.e. P(®,., € A| &,) = P*(®,, A). Consequently, it follows that the Markov operator (-)P
describes the evolution of the distribution of @, i.e. pp41 = pu, P for any n € Ny, where pu,, is the distribution
of @,. In this connection, it is reasonable to call (-)P the transition operator of ®. Furthermore, it is also
worth noting that the dual operator of (-)P™ can be expressed as

P"f(x) =E.[f(P,)] forany x€E, f € By(F), neN. (2.6)
5
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On the other hand, it is well-known that, for any stochastic kernel P on E x B(E) and any p € Mprop(E),
on some probability space (§2, F,P,), there exists a time-homogeneous Markov chain @ with transition law P
and initial measure p (see e.g. [38]). In practice, it is convenient to assume that 2 := ENo  F := B(EMNo)
(where EMNo is endowed with the product topology), and that { P, }nen, is a sequence of canonical projections
from 2 to E, that is, ¢,(w) = x, for any w = (xg,21,...) € §2, with xg,z1,... € E. Then, for each
i € Myrop(E), one can construct a probability measure P, on F such that

}P’H(F):/E/E.../E]lAOX...XAn(xO,...,xn)P(xn_l,d:rn)...P(:co,d:cl)u(dazg) 2.7)

for any n € Ng and F = {®y € Ao,..., P, € A,}, where Ag,..., A, € B(E). It then follows easily that &
obeys (2.4) and (2.5) for every p € Mp,op(E), and, what is more, we have

P,(F) = /XP:E(F) p(dz) forany FeF, pe Mpop(E). (2.8)

The Markov chain constructed in this way is called a canonical one.

Given a Markov semigroup { P }er, of stochastic kernels on £ x B(E) and a measure 1 € My 0p(E), by
a time-homogeneous Markov process with transition semigroup {P; }er, and initial distribution y we mean
a family of E-valued random variables ¥ := { ¥()};cr, on some probability space (£2, F,P,,) such that, for
any A € B(FE) and s,t > 0,

B, (7(0) € A) = u(A),
B (U(s+1) € A| F(s) = Pu(U(s+1) € A| U(s)) = Pi(¥(s), A), (2.9)

where F(s) is the o-field generated by { #(h) : h < s}. From (2.9) it obviously follows that u(s+1t) = p(s)P;
for any s,t > 0, where u(t) stands for the distribution of ¥(t) for every ¢ > 0. Moreover, analogously as in
the discrete case, the dual operator of P; can be expressed as

P f(x) =E,[f(¥(t))] forany z € E, f€ By(E), t>0. (2.10)

Let us now briefly recall some notions concerning the ergodicity of Markov operators, which will be used
throughout the paper.

First of all, a Markov operator P is called Feller if its dual operator preserves continuity, that is,
P(Cy(E)) C Cp(E). Furthermore, a Markov semigroup { P }scr, is called Feller if P is Feller for any ¢ > 0.

A measure p, € M(E) is said to be invariant for a Markov operator P if pu,P = p.. By analogy, we say
that fi. € M(F) is invariant for a Markov semigroup {Pt}teR+ whenever [i,. P, = fi, for every ¢ > 0.

We finalize this section with the definitions of two properties that will be verified in the main results of
this paper.

Definition 2.1. Let P be a transition operator of an E-valued Markov chain @. Given a Borel measurable

function V' : E — [0,00), we shall say that P (or the chain @) is V-exponentially ergodic in dppr, if it

admits a unique invariant probability measure £, such that u? € MXTOb

q € (0,1) such that, for every p € M;/mb(E) and some C'(u) < oo, we have

(E), and there exists a constant

deap (WP, uf) < C(p)g* for any n e N.

Definition 2.2. Let {Pt}teRJr be a transition semigroup of an E-valued Markov process ¥. Given a Borel
measurable function V' : E — [0,00), we shall say that {P;}icr, (or the process ¥) is V-exponentially
ergodic in dpp,, if it admits a unique invariant probability measure p?, such that u? € M;fmb(E), and
Veop(E) and some C(p) < oo, we have

drap (0P ) < C(p)e " for any t > 0.

there exists a constant v > 0 such that, for every u € M

6
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3. The model under study

Let (Y, py) be a complete separable metric space, and let I be a finite set endowed with the discrete
metric d, i.e. d(¢,5) = 1 if ¢ # j and d(¢,j) = 0 otherwise. In what follows, we shall also refer to the spaces

X=YxI and X:=X xRy,

considered with the product topologies. Additionally, we assume that X is endowed with a metric px . of
the form

px.c(T1,22) = py (y1,y2) + cd(in,iz) for z1 = (y1,i1), 2 = (y2,42) € X, (3.1)
where c is a given positive constant, whose value will be relevant in Section 7. The Fortet—Mourier distance

in M(X), induced by the metric px ., will be simply denoted by dpas . (rather than dFme,c)- Throughout
the paper, we will also refer to the standard bounded metric induced by px ., that is,

px.c(r1,22) = px.c(x1,22) A1 for any x1,25 € X, (3.2)

where A stands for the minimum.
Consider a collection {S; : 7 € I'} of jointly continuous semiflows acting from Ry x Y to Y. By calling S;
a semiflow we mean, as usual, that

Si(s,Si(t,y)) = Si(s +t,y) and S;(0,y) =y forany s,teRy, yeV.
Furthermore, suppose that we are given a right stochastic matrix {m;; : ¢,j € I'}, i.e.

m; € Ry for any 4,5 € I, and ij =1 for every i€ I,
jel
a positive constant A, as well as an arbitrary stochastic kernel J : Y x B(Y') — [0, 1].
Let us now define a stochastic kernel P : X x B(X) — [0, 1] by setting

P((y,i,s), A) =Y /O T e /Y Lz (u, j, h+ 5) J(Si(h,y), du) dh (3.3)

Jjel
foranyy € Y,i€1I,s € Ry and A € B(X). Moreover, let P : X x B(X) — [0, 1] denote the kernel given by

P(y, i), A) = P((5,1,0), Ax Ry) for yeY,iel, AeB(X), (3.4)
where P is given by (3.3).

Remark 3.1. Taking into account the continuity of the maps Y 3 y — S;(¢,y), t > 0, i € I, it is easy to
see that P is Feller whenever so is the kernel J.

By ¢ = {(Yn,&n, ™) tnen, we will denote a time-homogeneous Markov chain with state space X and
transition law P, wherein Yy, &,, 7,, take values in Y, I, R_ | respectively. More precisely, & will be regarded
as the canonical Markov chain, constructed on the coordinate space £2 := XNo, equipped with the o-field
F = B (X™0) and a suitable family {P, : v € My(X)} of probability measures on F, where the subscript
v indicates the initial distribution of @. For every v € M,.o5(X), we therefore have

P,(® € A) =v(A) forany A€ B(X),

P, (®pi1 €A| D, = (y,i,8) = P((y,i,5),A) forany (y,i,s) € X, AeB(X), necN,.

7
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Obviously, the sequences @ := {(Y,&n) bneng s {&n tnen, and {7, }nen, are Markov chains with respect to

their own natural filtrations, and their transition laws satisfy
P,(Pp41 € A| &, = (y,i)) = P((y,4),A) for (y,i) € X, A€ B(X),

Py(éarr = | n=1)=my for ijel (3.5)

Py (Tny1 <t |7y = 5) = 1i500)(t) (1 - e_)‘(t_s)> for s,teR.. (3.6)

Moreover, note that the increments A, := 7, — 7,,_1, n € N, form a sequence of independent, exponentially

distributed random variables with the same rate parameter A, and thus 7,, T 0o, as n — oo, P,-a.s. (due to

the strong law of large numbers).

The main focus of our study will be a PDMP ¥ := {(Y'(t),{(t)) }ter, with jump times 7,, n € Ny, defined
via interpolation of the chain @, so that:

Y(t) =S¢, (t =70, Yn), &(t) =&, whenever t€ [r,,Th41) for n € Ny. (3.7)

The transition semigroup of this process will be denoted by {P;}:er, . Obviously, the discrete-time model
@ with transition law P, determined by (3.4), can be viewed as the Markov chain given by the post-jump
locations of ¥, since

gan = (Yn7§n) = (Y(Tn)7£(7—n)) = W(Tn) for every mn < N().

Looking at the shape of the kernel P, one can say (somewhat informally) that the probability of visiting
a given set B right after the (n + 1)th jump, given S¢, (A7,11,Y,) =y, is equal to J(y, B).

Remark 3.2. As has been already mentioned in the introduction, the above-described model (@, ¥) is
a generalization of that considered in [14] (apart from the probabilities 7;;, which are constant here); cf.
also [17]. More specifically, in [14], the kernel J is a transition law of some randomly perturbed iterated
function system, i.e. it has the form:

J(y.B) = / /@ 1p(wo(y) +v) po(y) HdO)v(dv) for B e B(Y).

In that case, Y is a closed subset of a Banach space H, v € My,o,(H) is a probability measure with bounded
support, @ stands for an arbitrary topological space, endowed with a Borel measure v, {wy : 6§ € O} is
a given family of continuous transformations from Y to itself, such that wg(Y)+v C Y for any v € suppv,
and © 3 0 — py(y) € Ry, y € Y, are the associated (state-dependent) probability density functions with
respect to 9. We shall come back to this particular case in Section 7.2.

4. Assumptions on the model components

Let us begin this section by listing all the conditions that will be used throughout the remainder of
the paper. The list can be naturally divided into two parts. The first one contains assumptions referring to
the deterministic part of the model (i.e., the flows S; and the probabilities ;;), which read as follows:

(S1) For some y* € Y, we have
/ e Mpy (Si(t,y*),y*)dt < oo for any i€ I. (4.1)
0
(S2) There exist L > 0 and a € R such that

py (Si(t,y1), Si(t,y2)) < Le® py (y1,y2) for yi,y2 €Y, i€1,t>0.

8
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(S3) There exist a Lebesgue measurable function ¢ : Ry — Ry and a function £ : Y — R, bounded on
bounded sets, such that

K, = / e Mp(t)dt < 0o
0

and
py (Si(t,y), S;(t,y)) < (t)L(y) forany t>0,y€Y,ijel.

(S4) There exists jo € I such that min;er m;j, > 0.

The second part of the list includes certain conditions on the kernel J, governing the post-jump locations.
They are as follows:

(J1) There exist y* € Y and constants @ > 0, b > 0 for which .J satisfies
Jpy (y)y) < apy (y,y*) +b forany yeY. (4.2)
(J2) There exists a substochastic kernel Q : Y2 x B(Y?) — [0, 1] such that
Qr((y1,92), BXY) < J(y1,B) and  Qy((y1,42),Y x B) < J(y2, B) (4.3)

for any y1,y2 € Y and B € B(Y'), which enjoys the following properties:

/2 py (u,v) Qi ((y1,y2), du x dv) < apy (y1,y2) forany wyi,y2 €Y, (4.4)
Y
inf  Qs((y1,92), U (@py (y1,92))) = n for some 1 >0, (4.5)
(y1,y2)€Y?
where
U(r) = {(u,v) € Y?*: py(u,v) <r} for r>0, (4.6)

and @ is the constant for which (J1) holds, as well as there exists [ > 0 such that

Qs((y1,2),Y?) > 1= lpy(y1,42) for any 1,2 € Y. (4.7)
(J3) For every function g € Cp(Y x R4), the map Y x Ry 3 (y,t) — Jg(-,t)(y) is jointly continuous.

In the main results, these two kinds of assumptions will be linked with each other by requiring that the
constants L > 0, & € R and a > 0, appearing in (S2) and (J1), respectively, satisfy the inequality

QL+ <1, (4.8)

which, in turn, guarantees that the dual of the Markov operator P, induced by (3.4), enjoys a property
known as the Foster—Lyapunov drift condition (see Lemma 4.1, given below). Such a condition is commonly
used while studying the ergodic properties of Markov processes (see e.g. [36,37]). It is worth nothing here
that, in particular, the inequality above yields that @ < A. An assumption similar to (4.8) appears,
e.g., in [31, Proposition 5.1], where a Poisson driven stochastic differential equation is considered.

Remark 4.1. Obviously, condition (J3) is a strengthened form of the Feller property for J.

Remark 4.2. Note that, if (4.1) is fulfilled for some y* € Y, then it is also valid for every y* € Y, whenever
(S2) holds with some « < A. Hence, while considering the conjunction of conditions (S1), (S2) and (J1), we
may and we will always assume that (4.1) and (4.2) hold with the same y*.

9
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Lemma 4.1. Suppose that (S1), (S2) and (J1) hold with L,a,a satisfying inequality (4.8). Then P fulfils
the Foster—Lyapunov condition with the function V : X — [0,00) of the form

Vi(z)=py(y,y") for x=(y,i) €X, (4.9)
where y* is specified by (J1), that is, there exist a € (0,1) and b € [0,00) such that
PV(z)<aV(z)+b forall ze€X. (4.10)

Moreover, the constants a,b can be chosen as

a\L e .
a= and b= d)\max/ e Mpy (Si(t,y*),y*)dt +b (4.11)
A—a icl Jo

with L, v, @, b and y* determined by (S2) and (J1).

Proof. Let a,b be defined as above. Then b > 0 (since @,b > 0), and (4.8) yields that a € (0,1). Finally,

we are led to the conclusion by the following estimates:

oo

< d/ e M [Le® py (y,y*) + p(Si(h,y*),y")] dh+b
0

=a\L (/ e~ A=k dh) Vy,i) + &)\/ e Mp(Si(h,y*),y*)dh +b
0 0

<aV(y,i)+b forany yeY, iel. O

In Section 7, we also assume that the constant ¢, appearing in (3.1), is sufficiently large. More precisely,
having imposed conditions (S1)—(S3), (J1) and (4.8), we require that

CZ)\OZ<M[,K¢+MLMLP)+1’ (4.12)
L A
where
My = sup{L(y) : py(,y") < 4b/(1 - a)}, (4.13)
M, = sup {go(t) 1t < liin s tn ()\()\ — s)_l)} , (4.14)

and the constants a and b are given by (4.11).
Conditions (S1)—(S3) are satisfied, for example, for the flows generated by some classes of dissipative
differential equations. This rests on the following observation (cf. [28]):

Remark 4.3. Suppose that Y is a closed subset of a Hilbert space H, endowed with an inner product (-|-),
inducing the norm ||-||. Let A; : Y — H, i € I, be a finite collection of a-dissipative operators with some
a <0, ie.

(Aiyi — Ay |1 —y2) < allyr — 1ol forany w1, ey, icl (4.15)
Furthermore, assume that the so-called range condition holds, that is, there exists a positive constant T such

that
Y C Range(idy —tA4;) forall te (0,7), i€ . (4.16)

10
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Then, according to [28, Theorem 5.11], for any ¢ € T and y € Y, the initial value problem
u'(t) = Aju(t) for t >0, u(0) =y,

has a unique (strong) solution Ry > ¢ — S;(¢,y) € Y, which obviously generates a semiflow. What is more,
by virtue of [28, Theorem 5.3 and Corollary 5.4], the semiflows S; satisfy

19i(t,y1) — Si(t,y2)|| < e |lyr —yall  for any y1,y2 €Y,
1S:(t,y) —y|| <t||Ay|| forany yeY.

This, in turn, implies that conditions (S1)—(S3) hold for such S;, i € I, with an arbitrarily fixed y* € Y,
the dissipativity constant a,

L=1, L(y)=2max |4yl and o(t) =1,
1€

provided that A;, i € I, are bounded on bounded sets. Obviously, if I contains only one element, then (S3)
is satisfied trivially (with £ = ¢ = 0), and thus the assumption of the boundedness on bounded sets is
superfluous in this case.

On the other hand, the following simple example (inspired by [3, Example 5.2]) demonstrates that
(S1)—(S3) may also hold for the flows generated by a-dissipative equations with a positive a.

Example 4.1. Suppose that (Y, |-||) is a Banach space, and let z € Y, o« € R be fixed. Consider the semiflows
51,52 : Ry XY — Y induced by the differential equations (in V)
u'(t) = au(t) and u'(t) = a(u(t)—z) for t>0,
respectively, that is
Si(t,y) = ey, Sa(t,y)=e(y—2)+2 for t>0,ycY.

Then conditions (S1)—(S3) are satisfied for {S7, So} with the given o, L =1, £L =1 and ¢(t) = |1 — ™| ||2]|.

A significant example of a stochastic kernel J enjoying hypotheses (J1)—(J3) is the transition law
of an iterated function system (or, more generally, the kernel specified in Remark 3.2); provided that
the involved transformations and the associated probability densities satisfy certain usual conditions. This
case will be discussed in detail within Section 7.2.

5. Correspondence between invariant distributions of ¥ and ¢

In the first part of the study, we shall establish a one-to-one correspondence between invariant probability
measures for the transition operator P of the chain @, induced by (3.4), and those for the transition
semigroup {P; }ter . of the process ¥, specified by (3.7). For this aim, let us consider the Markov operators
G, W : M(X) - M(X) generated by the stochastic kernels given by

G((3.i), A) = / T MLA(SH (), ) dt, (5.1)
W ((y,i), A) ::j;mj/yllA(u,j)J(y,du) (5.2)

for any (y,7) € X and A € B(X), where J stands for the kernel appearing in (3.3). It is easy to check that
GW = P.

11
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Having defined such operators, we can state the following result:

Theorem 5.1. Let P and {Pt}t€R+ denote the transition operator of the chain @ and the transition
semigroup of the PDMP W, respectively. Further, suppose that the kernel J, appearing in (3.3), satisfies (J3).
Then

(a) if uf is an invariant probabz’lity measure of P, then the measure n? := p®G is invariant for {Pi}ter,
and we have pY W = u2;
(b) if Y is an invariant pmbability measure of {Pt}teR+, then the measure p? = pY W is invariant for P,

and we have pfG = Y.

Theorem 5.1 can be proved exactly in the same way as [14, Theorem 4.4], which refers to the case where
the kernel J is defined explicitly (as mentioned in Remark 3.2). In order to adapt this proof to our setting
(with an arbitrary stochastic kernel J), one only needs to establish the properties collected in the lemma
given below.

Lemma 5.1. The following statements hold for the transition semigroup {Pt}teJR+ of the process ¥ :

(i) If J is Feller, then {P;}ier, is Feller.
(i) For any f € By(X), there exists a bounded Borel measurable map uy: X x Ry — R such that
limg o [Jus (-, t)||, /t =0, and

Pef(y,i) = e M F(Si(t,y), i) + Ae ™ /0 $r((y;),s,t) ds + up((y,9), 1),

for any (y,i) € X and t > 0, where
Yr((y,i),s,t) Zw”/ F(S;(t —s,u),5)J(Si(s,y),du) for se€][0,t], t>0.
jerl

(iii) {Pi}ier, is stochastically continuous, i.e.
lim P, f(y, i) = f(y.9) forany (y,i) € X, f € Cp(X).

(iv) If (J3) holds then, for any function s : Ry — Ry satisfying 0 < s(t) < t for all t > 0, the map
t — Yr((y,1),s(t),t) is continuous at t = 0 for every f € Cy(X) and any (y,i) € X. Moreover,
¥r(-,0,0) = W f, where W is the operator induced by (5.2).

Proof. Throughout the proof, we will write z := (z,0) for any given « € X. Moreover, for every i € I, we
put f(Si(h,-)) =0if h <O0.
Let t € Ry and f € By(X). Then, according to (2.10), for every € X, we can write

Pif(x) = Eaf(Y ZE L rsn) (D F (S (E = 7y Yn), €0)]
(5.3)
= ZEi [l[o,t] (Tn)f(Sﬁn (t = Tn, Yn),&n) - 11(t 00) (Tn-‘rl)]
Taking into account (2.7), it is clear that, for any g,h € By(X) and n € Ny,
Ez[g( @) h(Pri1)] / / 2) P(w,dz)P™(z, dw)
(5.4)

_/X w) Ph(w) P™(z,dw) = P"(gPh)(z).

12
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Hence, defining

gt(u,j,8) = ]l[o,t](s)f(Sj (t—s,u),7) and h(u,j,s):= ]l(tpo)(s) (5.5)
forany u € Y, j € [ and s € Ry, we see that
oo
P f(z) = ZEiﬁ[gt(ymfmTn)ht(Yn—&-lafn+1an+l)]
n=0 (5.6)

P"(g;Phy)(z) for every =€ X.

[M]8

n=0

(i): Suppose that the kernel J is Feller, and that f € Cy(X). To prove that P.f is continuous, we first

observe that, for any function ¢ € By(X) such that X 3 x — ¢(z, s) is continuous for every s > 0 (which is
the case for g; and h;), the map X > z — Pgo(m, s) is continuous for any s > 0 as well, since

Po(e,s) =Yy [ A oo b+ 5)(Si ) i for any @ = (5,1) € X, 52 0.
Jel 0
This implies that all the maps X > x + P"(g;Ph:)(), t > 0, n € Ny, are continuous. Further, considering
the Poisson process (N (s))ser, of the form

N(s) =max{neNy: 7, <s}, s>0, (5.7)

and bearing in mind (5.4), we see that

|P™(9¢Phe)(Z)| = [EBa[Lint)=n} S (Sen (t = Ty Yn), En)]| < 1]l oo P2(N(t) = 1)

)™ _ 5.8
= Hf||oo€_’\t7( ') forany T € X, n € Np. (5:8)
n!

Using (5.6), (5.8) and the discrete analogue of the Lebesgue dominated convergence theorem, we can
therefore conclude that P, f is indeed continuous.
(ii): Let us define

(o)
ugp(z,t) = Z P"(g:Phy)(z) for =€ X.
n=2
From (5.6) it now follows that
Pif(z) = g:Phy(z) + P(g:Pht) (%) + uy(z,t) for any z € X. (5.9)

Referring to (5.8), we get

wp(w,t 1 = ()" 1 _
RO < e S B = Il g = 1=
n=2 ’ (510)

1— e—)\t 3
~ £l (5 = 2e)

for any 2 € X, which obviously gives lim; ¢ |[uy(-,t)||, /t = 0. Further, having in mind (3.3) and (5.5), we
obtain

giPhy(y,i,s) = Ljo,4(8) f(Si(t — s,9),1) /000 /\efAhll(tpo)(h +s)dh (5.11)
= lyo,q(s) f(Si(t — 5,¥), i)e”‘(t*s) forany yeVY,iel, s>0,
and, in particular (for s = 0),
9:Phy(2) = g:Phy(y,i,0) = e f(Si(t,y),i) for every = (y,4) € X,
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Furthermore, appealing to (3.3) and (5.11), we can also conclude that

P(g;Phy)(z wa/ e~ )‘h/ g¢(u, j, ) Phy(u, §, h) J(Si(h,y), du) dh
jerl
—ng / / Lio.¢) (h) f(S;(t — h,w), 5)e M J(S;(h,y), du) dh
7€t i (5.12)
—)\e_/\t/ ZW,J/f (t — h,u),§) J(Si(h,y), du) dh

Jjel
_)\e—/\t/ Y((y,4),h,t)dh forall = =(y,i) € X.
0

Finally, assertion (ii) follows from (5.9)—(5.12).
(iii): Condition (iii) follows immediately from (ii) and the boundedness of .
(iv): For the proof of (iv), fix f € Cp(X), (y,¢) € X, and define

Zﬂ'”f i(t—s(t),u),j) for (u,t) €Y xRy.
jerl

Since S; are jointly continuous, so is g, and thus g € C,(Y x R). Moreover, we have

Jg(-, 1) (Si(s(t),y)) = 1/Jf((y7i)78(t)7t) for any t>0.

Hence, s — ¢¢((y,1),s(t),t) is continuous at 0 whenever (J3) holds and s(¢t) — 0, as ¢ — 0. The identity
¥7(-,0,0) = W is just a consequence of the definition of W. O

6. A coupling argument (involving @) for establishing the exponential ergodicity of both ¢ and ¥

The main goal of this section is to prove that the existence of an appropriate coupling between two
copies of the chain @, which brings them closer to each other on average at a geometric rate, combined with
the Foster—Lyapunov condition on P (cf. Lemma 4.1) and suitable assumptions on the flows implies that
both @ and ¥ are exponentially ergodic in the Fortet—Mourier metric.

More specifically, we shall consider a coupling between two copies of the chain @, enhanced with a copy
of the sequence {7, }nen,, that is, a time- homogeneous Markov chain & := {(Pr, ) 515(2) s Tn) }nen, evolving
on the space Z := X2 x Ry, whose transition law P : Z x B(Z) — [0, 1] satisfies

P((z1,22,8), Ax X x Ry) = P(21,A), P((z1,22,5),X x AxR,) = P(x3, A),

~ ) o (6.1)
P((z1,22,5),X* xT) = Ae M p(t+ s)dt = Ex(s,T)
0

for any x1,20 € X, s >0, A€ B(X )andTGB(R+)
Such an augmented couphng & will be regarded as a canonical Markov chain, defined on the co-
ordinate space (Q f) with 2 = ZY and F = B(ZNO), equipped with an appropriate collection

{@(m,uz) D, e € Mprop(X )} of probability measures on F such that

@(mm)@o €D) = (1 @ pz®8)(D) forany D € B(Z),
@(M uz)( i1 €D | D, =2)=P(2,D) forany z€ Z D€ B(Z), neNy,

where §p stands for the Dirac measure at 0 on B(R, ). The expectation operator corresponding to IP’(M 1)
will be denoted by IEI(H1 1)+ In the case where p1 = 0z, and pg = 6., with some 1,22 € X, we will write
(@1, x2) instead of (0, ,0z,) in the subscripts.
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We begin the analysis by establishing a general connection between the exponential ergodicity of P and
the existence of an appropriate coupling of @, based on the Lyapunov condition. It is worth noting here
that, in fact, the result below does not depend on the shape of the transition law P.

Lemma 6.1. Suppose that P is Feller. Furthermore, assume that the transition law P of the chain 5,
satisfying (6.1), can be constructed so that

~

E(zy,20) [/3)(7c (@(11)7 @T(LQ))} < Co(V(x1)+V(za) +1)¢" forall n €N, x1,25 € X, (6.2)

where px . s given by (3.2), ¢ € (0,1), Cy < 00, and V : X — [0, 00) is an arbitrary continuous function such
that (4.10) holds for some a € (0,1) and some b € [0,00). Then there exists a unique invariant distribution
u for P such that p? € MY, (X) and

prob
dpare(uP", 1) < Co((Vy ) +(Voud ) +1)q" for any n €N, pp € Mprop(X). (6.3)
Proof. First of all, note that, for any p1, 2 € Mprep(X) and n € N,
dpn,e(piP", paP™) < Co({V, pa) + (V, po) + 1)g". (6.4)

To see this, it suffices to observe that, for every f € Lip, ;(X),

| {f, 1 P" — o P™) | = ’Ewm [f(@(f)) - f(@(f))] ’ < E(uy )
< IE(HLMQ) |:f_)X,c <¢7(11)7 457(12))]

= | E@a {ﬁX,c (457(11)7 fpg))} (11 ® po)(dar, das)

e ( [ we +V<x2>+1>u1<dx1>u2<dxz>) e
= Co({V, 1) + (V, p2) + 1)q",

where the first equality follows from (2.6), and the second one is due to (2.8).

The next step is to prove that P admits an invariant probability measure. For this purpose, let us fix
arbitrarily o € X and notice that {d,,P" }nen is a Cauchy sequence in the metric space (Mprop(X), dras,c)-
Indeed, applying (6.4) with g1 = &, and ps = 8., P* (for each k € Ny), together with (4.10), we can conclude
that

dpar.e(0ag P, 62y PPT) < Co(V (o) + PPV (20) + 1)¢"

b
< Cy (V(Io) + akV(SCo) + m + 1> q”

b
<y (ZV(:EO) + 1T a + 1) q" forany n €N, ke Ng.

Consequently, since (Moprop(X), drar,c) is complete, {3, P™ }nen is weakly convergent to some jt,, € Mprop
(X). From the Feller property it follows that u, is invariant for P, since, for any f € Cy(X),

(fraP) = (Pfope) = lim (Pf,0,P") = lim (f,d,,P"™*1) = (f,1.).

Obviously, (6.4), together with the invariance of ., ensure that (6.3) holds with u? = y..
In order to show that p, € MY ,(X), consider Vi(x) := min(V(z),k) for any z € X and k € N. Then

prob
{Vik }ken is a non-decreasing sequence of functions of Cy(X). From (4.10) it follows that

b
PndSPnVSCLnV—Fm forall k,n €N,
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whence b
(Vie, i) = lim (Vi 05, P") = lim P"Vi(z9) < —— for every k€N,
n— 00 n—00 1—a

By using the Lebesgue monotone convergence theorem, we therefore obtain

b
(Vypa) = lim (Vi i) < —— < 0. (6.5)
k— o0 1

What is left is to show that there are no other invariant measures for P. To this end, it is enough to know
lim dpage(pP"; pe) =0 for any  p € Mprop(X), (6.6)
n o0

but this can be easily derived from (6.3) and (6.5). More precisely, these conditions guarantee that (6.6)

holds for any p € ./\/l;f;nob(X), and so, in particular, we have

Pf(x) =(f,0,P") = (f,px), as n— o0, forany z € X and f € Cp(X).

Now, letting p be an arbitrary probability measure and applying the Lebesgue dominated convergence
theorem, we obtain

<f”u,Pn>:<Pnf7p,>—)<f"u*>, as n — o0, for any fGCb(X),

which obviously gives (6.6) and completes the proof. O

1) ¢£2)

Given an augmented coupling @ := {(45,(1 . Tn) }nen, between any two copies of @, and writing

o) = (0.60)) for nmeNo i {1.2),

to indicate the coordinates Y,Si) and &Ef) with values in Y and I, respectively, we can consider the two
corresponding copies ¥V and ¥(?) of the process ¥, defined as follows:

TOt) = (Y1), D)) for t>0, i€ {1,2},
where

y ) (t) == Sg(i) (t — ?n,Yn(i)) , §(i)(t) = fff) whenever t € [T, Thy1), n € Ny, @ € {1,2}.

Our aim now is to show that any two copies of the process ¥, defined as above on the path space of 5, get
closer to each other on average at an exponential rate, whenever ® satisfies (6.2) and the flows enjoy (52)
(with a < A). This will be a crucial step in deriving the exponential ergodicity of the semigroup {P;}ier iy
The proof of this result, given below, is inspired by certain ideas developed in [10].

Lemma 6.2. Let R C Mpyop(X), and suppose that the transition law P of the chain 5, satisfying (6.1),
can be constructed so that there exist ¢ € (0,1) and C : R®> — Ry such that

~

Bl o) [Pxc (20, 02)] < Clns g™ forall 2 € R, m e N. (6.7)

Furthermore, assume that condition (S2) holds with some L > 0 and some o < X\. Then there exist v > 0
and C : R? — R such that

Bl i) [ (200, ¥ ®)] < Clur,pma) e forall i, €R, >0, (6.8)
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Proof. Fix p1,pus € R, and let k be the coupling time for {( ,(,1), 7(12))} N that is,
ne

0

—inf{n € Ny : £V =@},

n

From (6.7) we infer that, for every n € N,

@(m,uz)(“ >n) < @(#1,#2) (fle) 7 57(12)) = IE(m,m) IL{5(1)#(%}
o (6.9)
= I/E(m,m) [d({ 6(2 )} IE (11,p2) [ (Q(l) 45(2))}
< C(pa, p2)q"s
which, in particular, shows that P, ,,)(x < co) = 1.
In what follows, the processes {Eﬁz)}neNO and { ¥ (t)},er, will be identified with their copies {gnz)}neNo
and {@(2)(t)}teR+, respectively, defined as follows:

£2) . { 7(12) if n< R,

&n T(ll) if n>k,

v (1) = (S~(2) ( - ?n,Ysz)> ,E,g?)) ,  whenever € [7,,Tp+1) for n e Ng.

By (N(s))ser, we will denote the Poisson process given by
N(s):=max{n €Ng: 7, <s} for s>0.

Moreover, we will write {F;, }nen, for the natural filtration of o= {( S 457(12), ~n>} o
ne
Let n € Ny and ¢ > 0 be arbitrary. Keeping in mind that px . < 1, we can write 0

B o) [P0 (700, PO0) 1570y | Fo]

~ 1/2
< By o) [ (W(l)( ) v (t)) l{ﬁ(t):n} | ]:n]
R 1 , 12 (6.10)
< E(#LI@) |:pX=C (!p( )(t)7 &D( )(t)) :ﬂ-{ﬁ(t)zn}:ﬂ-{nfn} | ]:n:|
T By 2) {]l{ﬁ(t):n}]l{ﬁwl} | ‘7:”} .
Defining
L =max{L,1} and & = max{a,0}
we see that (S2) gives
py (Si(t,u), Si(t,v)) A1 < Le™ (py (u,v) A1) forany w,ve€Y,icl, t>0. (6.11)

Taking into account that {N(t) = n} = {7, < t < Fo41}, and that ¢ = €2 whenever n > & (due
the adopted identification €2 = ¢(2)), we may apply (6.11) to estimate the first term on the right-hand side
of (6.10) as follows:

~ B 1/2
B(py2) [pXﬁ (Jl(l)(t)v W(Q)(ﬂ) ﬂ{ﬁ(t):n}]l{@n} | ]:n:|
1~ _,1 Sy (t=70, V), S0 (=70 VP ) ) AL
{n<ty H{n<n} |PY eM ndn ") 2e(2) ny I

X Bpu,ua) [11{:n+1>t} | Fn] (6.12)

_ _ ~ 1/2
1oy LV/2 3070/ [py (Yél))yrgQ)) A 1} Py ) o1 >t | F)

}1/2

slg<n
- (5 ~ 1/2 . ~
< Ui g Linsm B2 €T e (@10, 82) T By oy (s > ¢ )
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Since, according to (3.6),
]P(uhlw)(ﬁ“rl >t Fy) = P(uhuz)(?nJrl >tlm)= e M=) on {7 <t}

it follows that

Eva) | Pxe (w(l)(t)’ W)(t))l/zl{mt):n}l{”f”} |f"} (6.13)
< ]1{?ngt}]1{n§n}il/2 67()‘7&/2)156()\7&/2);"ﬁx7c (@,(11), %2))1/2. .
Consequently, due to (6.10) and (6.13), we obtain
IE(m,uz) [ﬁX,c (W(l)(t)» v (t)) l{ﬁ(t):n} | }—n]
< IL{:nst}]L{ﬁgn}E1/26—(/\—ay/z):fe(x—&/z)?nﬁX’c <¢5l1)7 @T(LQ))UQ (6.14)

T By o) {l{ﬁ(t):n}l{fwn} | }—n] :

Taking the expectation of both sides of the last inequality and using the Cauchy—-Schwarz inequality gives

IE(#MLQ) [ﬁX,c ( v (t), w® (t)) l{ﬁ(t):n}}

+ By 0) []]'{ﬁ(t):n}]l{n>n}] (6.15)

< [1/2 g=(A-a/2)t (E(MM) [ﬂ{;nét}e(z\_@);n])l/z

E = gp(l) 45(2) 1/2 @ N _ 1/2@ 1/2
XA By p2) [PXe | Dn7s P + Py ug) (N (t) = n) (p1.110) (K > 1) 7%
What is left is to estimate the right-hand side of (6.15). To do this, we first observe that, for any Ag > 0,

= (2r-a)7, " oaays —as st
By i) {]l{?ngt}e n} :/0 € e (n—1)! ds

n t n—1
— o <A> / e-as Qo) )
)\0 0 (n — 1)'
no ot
<X <A> / eA=®)sros g (6.16)
Ao 0
noopt
= Xo <A> / e Fro=a)s gg
Ao 0

<o (AN overe-ar,
T A+ —a \ o

where the first equality follows from the fact that 7,, has the Erlang distribution with rate A. Consequently,
applying (6.16), together with hypothesis (6.7), we see that

e —na - e T\ Y2 o ) 1/2
L1/ em e/t (E(Ml:HZ) []1{?,1@‘,}6(2)\ ) n}) (E(Mhuz) [PX,C (Qr(zl)y 957(12))})

T 1/2 n/2 (617)
I\ A o
< Cp, p2)*/? (O) <q> o~ (A=20)t/2.

AdX—a Ao
18
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Moreover, from (6.9) it follows that, for any g > 0,

5 S 125 1/2 _ae (A" A
P(m,m)(N(t) =n) IP(NLHZ)(K: >n) <|e nl -C(p, p2)q
1.m 172
1/2,-At/2 (Agg~'t) / _n/2
n!
1/267/\t/26)\qq_1t/2 (jn/2

= C(p1, p2)

C(/u'l’ :L"Q)

__1
C(ul,u2)1/2ef)\(lqu )t/2 qn/2

Let us now take ¢ € (¢,1) and choose Ao € (0,)) so that gA\\;' < 1. This choice guarantees that

A—Xo A1-gqg? A\ 2
V;Zmin{ 207( 2qq )}>0 and r::max{(i) g2 € (0,1).
0

From (6.15), (6.17) and (6.18) we can now conclude that

A 1/2+1
A+ —

Finally, defining C(ju1, pt2) := C (1, p2)/2[(LXo)/2(X + Ao — @) Y/2 + 1], we infer that

n 7'yt

E(uy2) ['5)96 (W(l)(t)’ L0(2)(75)) {N(t)—n}:| C(M17N2)1/2 rUe

I/Ei(m,uz) {ﬁX:c (W( )( t), W(2 )} ZC (p1, po)re = C(IM%M;Q)G_%-

Hence (6.8) holds with C(p1, pt2) == C(1, pi2)(1 — r) = for pu1, puo € R. The proof is now complete. [
Lemmas 6.1, 6.2 and Theorem 5.1 enable us to prove the main result of this section, which reads as follows:

Theorem 6.1. Let P be the transition operator of the chain @, induced by (3.4), and let { Pi}ter, denote
the transition semigroup of the process ¥, defined by (3.7). Further, suppose that conditions (S1), (S2) and
(J1) are fulfilled with L, «, a satisfying (4.8), and that the following holds:

(C) There exists an augmented coupling ® = {(®} ) @gz),?n)}neNo of the chain @, with transition law

P satisfying (6.1), such that (6.2) holds with certain constants g € (0,1), Cp < co and the function V
defined by (4.9).

Then, if J is Feller, the operator P is V-exponentially ergodic in dppr. (in the sense of Definition 2.1).
Moreover, assuming that J enjoys the strengthened Feller property specified by (J3), also the semigroup
{P;}ier, is V-exponentially ergodic in dpyrc (in the sense of Definition 2.2).

Proof. First of all, from Lemma 4.1 it follows that P satisfies condition (4.10) with V' given by (4.9) and
the constants a € (0,1), b > 0 specified in (4.11). Consequently, if J is Feller (and thus so is P, due to
Remark 3.1), then, by virtue of Lemma 6.1, the operator P is exponentially ergodic in dpay.c.

It therefore remains to prove that {P; }ier . is also exponentially ergodic, provided that the Feller property
of J is strengthened to condition (J3).

Let u? € ./\/lpmb( ) be the unique invariant probability measure of P (which exists by Lemma 6.1). Then,
upon assuming (J3), Theorem 5.1 guarantees the existence of exactly one invariant probability measure p¥
for {P;}ier, , which can be expressed as pl = u *@G, where G is the Markov operator induced by (5.1).
Moreover, conditions (S1) and (S2) yield that pf € ./\/lpmb( )
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Now, to complete the proof, it suffices to show that there exists a constant v > 0 and C : /\/lpmb( )2 - R,
such that
dpase(pn Pr paPr) < Clpa, po)e™™" for any  p, pg € My, (X), £ > 0. (6.19)

As we have already seen in the proof of Lemma 6.1, from hypothesis (C) it follows that

~

]E(H17M2) [)X,C(@'SLI)? QPT(LQ)) S C(:Ulhu2)qn for any  fhi, l2 S Mz‘)/:rob(X)a n e N7

where
Clut, pe) = Co({V, 1) + (V,u2) + 1) with some Cp € R.

In view of Lemma 6.2, this, together with (S2), implies the existence of 4 > 0 and C : Mpmb( )2 - R,
such that

IAE(‘”’”Q) {'EX’C (Sp(l)(t)’ w® (t)ﬂ < Cur,po) e ™ forall g, ps € My, ,(X), t>0.
Finally, it suffices to observe that, for any 1, us € MY (X) and f € Lip, 1 (X),
(o Pe = 12P)] = By [ (200)) - (W )]
(5070 - (w010

< By oy [0 (2D0), 02 0))] < Cloar, ),

which obviously assures (6.19), and thus ends the proof. O
Remark 6.1. It is worth noting that condition (6.19) is achieved by using only (C) and (S2).

7. Sufficient conditions for the exponential ergodicity

This section is intended to construct a suitable coupling of @, for which condition (C) of Theorem 6.1 is
satisfied, which, in turn, will enable us to state a verifiable criterion for the exponential ergodicity of P and
{P;}ter, in the Fortet-Mourier distance. To do this, we shall need to employ all the hypotheses stated in
Section 4 (except condition (J3)) and assume that the constant ¢, associated with the metric px ., defined
by (3.1), is large enough to assure (4.12).

7.1. The main result

Assuming that Q; : Y2 x B(Y?) — [0,1] is a substochastic kernel satisfying (4.3), let us consider
Qp: Z x B(Z) = [0,1] (where Z = X? x R,), given by

A —\h
Qp((z1,x2,8),D) == ng;(mm/\mz] / e /Y 1p((u1,4), (u2,4),h+s) 1)

X QJ((S“ (h,yl),SiQ (h,yg)),dul X dUQ) dh
for any 21 == (y1,41), 22 :== (y2,i2) € X, s e Ry and D € B(Z).

It is then easy to see that Qp is also a substochastic kernel, and, for any z1,22 € X, s € Ry, A € B(X)
and T € B(R,), we have

((xl,xg, )AXXXR+)SP( )
Qp((x1,29,5), X x AxR,) < P(a9, A), (7.2)
Qp((z1,72,8), X2 xT) < Ex(s,T),
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where E)(s,-) denotes the distribution with density ¢ +— 1[5 )(t)Ae**=%). This enables us to define
a substochastic kernel Rp : Z x B(Z) — [0,1] so that, on cubes D := A; x Ay x T, where Ay, Ay € B(X)
and T € B(R,), the measure Rp((x1,z2,5),-) is given by

_ 1
Rp((z1,22,5),D) := — 5
P(( ) ) [1 - QP((:I’.17$278)7Z):|
X [P(x1, A1) — Qp((1,22,5), A1 x X x Ry)] (7.3)

X [P(xQ,AQ) — Qp((xl,xg,s),X X A2 X R+):|
X [Ex(s,T) = Qp((w1,22,5), X x T)]

when Qp((z1,x2,5),Z) < 1, and Rp((x1,22,s), D) := 0 otherwise.
A simple computation shows that P : B(Z) x Z — [0,1] given by

~

P((x1,29,8), D) = Qp((x1,29,5), D) + Rp((x1, 72, 5), D) (7.4)

for any 1,20 € X, s > 0 and D € B(Z) defines a stochastic kernel satisfying conditions (6.1).
In other words, the kernel defined in this way can play the role of transition law of the augmented coupling
® = {(5157(11)7 P, Tn) }nen, discussed in Section 6.

What is more, one can show that, under suitable assumptions, such a coupling fulfils hypothesis (C) of
Theorem 6.1, which is stated precisely in the following result:

Proposition 7.1. Suppose that conditions (S1)—(S4), (J1) and (J2) hold with constants L, «, a satisfying
(4.8). Then the coupling @ with transition law P defined by (7.4) satisfies (6.2) with V' given by (4.9),
sufficiently large c, specified by (4.12), and certain constants ¢ € (0,1) and Cy < 0.

The proof of this statement proceeds almost in the same way as that of [15, Lemma 2.3], provided that
hypotheses (B1)—(B5) stated in [15, Section 2] are fulfilled for the operator P, given by (3.4), and the kernel
Qp: X% x B(X?) — [0,1] of the form

Qp((x1,22),C) = Qp((x1,22,0),C x R,), 1,20 € X, C € B(X?), (7.5)

where Qp is defined by (7.1). These hypotheses (also assumed in [29, Theorem 2.1]) can be derived quite
easily from the assumptions of Proposition 7.1. The proof of this claim, as well as a suitable adaptation of
the reasoning employed in [15], which eventually proves Proposition 7.1, are postponed to Section 7.3.

In view of Proposition 7.1, we can replace hypothesis (C) of Theorem 6.1 with conditions (S3), (S4) and
(J2), which, together with (S1), (S2) and (J1), guarantee the existence of a suitable coupling of @. This
leads us to the main result of the paper:

Theorem 7.1. Suppose that conditions (S1)—(S4), (J1) and (J2) hold with L, «, a satisfying (4.8). Further,
let V' be given by (4.9), and let ¢ be large enough to assure (4.12). Then, if J is Feller, the transition operator P
of the chain @, induced by (3.4), is V-exponentially ergodic in dpps .. Moreover, if (J3) holds as well, then
also the transition semigroup { P }ter, of the process ¥, defined by (3.7), is V -exponentially ergodic in dppy ..

7.2. Application to the model with jumps generated by random iterations

Let us look closer at the case that has already been mentioned in Remark 3.2. For simplicity of notation,
we will skip the perturbations (the linear structure of Y is then not required). In such a case, the kernel J is
the transition law of an iterated function system, consisting of an arbitrary set {wg : § € @} of continuous
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transformations from Y to itself and the associated collection of probability densities © > 6 — py(y) € R,
y € Y, with respect to ¢, for which [ pe(y) 9(df) = 1 for any y € Y. Here, (0, B(0), 1) is a topological space
with a non-trivial Borel measure . Moreover, we assume that the maps (y,0) — wy(y) and (y,8) — po(y)
are product measurable.

In the above-described setting, J is given by

J(y.B) = /@ 15 (wp(y)) po(y) 0(d) for yeY, B e BY), (7.6)

and P takes the form

P((ya i)7 A) = Z Tij /OOO )‘e_Ah /@ ]lA(wG(Si(h7 y)?])) Do (Sz(hv y)) ﬁ(d@) dh (77)

jel
foranyy € Y,i € I and A € B(X). Moreover, note that, in this framework, the first coordinate of the chain ¢
can be expressed explicitly by the recursive formulas:

Y= w9n+1(Y(Tn+1—)) = U)9n+1(Sgn(ATn+1,Yn)) a.s for n €Ny,

where {0, }nen is an appropriate sequence of random variables with values in @, such that

P,(0ht1 € D | Se, (ATn11,Y,) =y) = / po(y)¥(dl) for D € B(O), y €Y, neN, (7.8)
D

and the transition laws of {&, }nen, and {7, }nen, are determined by (3.5) and (3.6), respectively.

We shall impose the following assumptions on the transformations y — wg(y) and densities 6 — py(y)
(in the spirit of those made in [29, Proposition 3.1]; cf. also [41] and [42, Theorem 3.1]): there exist y* € Y,
for which

b= sup [ gy (woly”). v Ipuly) 9(d8) < oc, (7.9)
yeYy Jo
and positive constants a, n and [ such that, for any y1,y2 € Y,
[ n(an). o) po(n)9(a8) < oy () (7.10)
[ paln) Ara(a) 9(d0) = (7.11)
O(y1,y2)
where
Oy1,y2) =10 € O : py(we(y1), wa(y2)) < apy (y1,92)},
and

/@ 1Po(u) — po(u=)| 9(d6) < Tpy (1. 42). (7.12)

Remark 7.1. Note that (7.9) is trivially satisfied in the case where 6 is compact, and 6 — wg(y*) is
continuous for some y* € Y.

Theorem 7.1 allows us to establish the following result:

Proposition 7.2. Suppose that the kernel J is of the form (7.6), and the transformations wg are continuous.
Further, assume that there exist y* € Y and positive constants @, b,n,1 such that conditions (7.9)~(7.12) hold.
Then (J1)~(J3) are satisfied with the same y*,a,b,n and I. If, additionally, conditions (S1)—~(S4) are fulfilled
with L and o such that (4.8) holds, then both the transition operator P of @ (induced by (7.7) in this case)
and the transition semigroup {P;}ier, of ¥, defined by (3.7), are V-exponentially ergodic in dpns . with
V' given by (4.9) and sufficiently large c, specified by (4.12).
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Proof. In view of Theorem 7.1, it suffices to show that conditions (J1)—(J3) hold.
First of all, note that (J1) follows immediately from (7.9) and (7.10), since

Tov(4")(y) = /@ oy (wo(y), y*)po(y) 9(d0) < apy (y*,y) +5 forall ye Y.

Now, we will show that (J2) is fulfilled with Q; : X? x B(X?) — [0,1] given by

Qs((y1,92),C) :=/@ﬂc(we(yl),we(yz))(pe(yﬁApe(ya))ﬁ(cw) (7.13)

for any y1,y2 € Y and C € B(Y?). Obviously, Q) is a substochastic kernel satisfying (4.3). Condition (7.10)
yields that, for any y1,y2 € Y,

Qipy (Y1,y2) = @pY(we(m),we(yz))(Pe(yl) A po(y2)) 9(dl) < apy (y1,y2),

which gives (4.4). Further, (7.11) implies (4.5), since, for any y1,y2 € Y, we have

Qs ((y1,v2), Ulapy (y1,y2))) = /@( )pe(y1) A po(y2) 9(db) > n > 0,

with U(-) defined by (4.6). Finally, (4.7) can be easily concluded from hypothesis (7.12) and the inequality
sAt>s—|s—t|, which is valid for any s,t € R.

What is left is to show that (J3) holds. To this end, let g € C,(Y x Ry) and fix (yo,t0) € Y x R4. Then,
again using (7.12), we see that

[Jg(-,t0)(v0) — Jg(, ) (y)| < /(9 lg(wo(yo), to)pe(yo) — g(we(y),t)pe(y)| ¥(dO)

< /@ l9(wo o), to) — 9(wo(y), Dlpa (o) 9(d6)
+ gl lpy (o, y) for any (y,t) € Y x Ry.

Consequently, having in mind the continuity of g and wg, we can conclude that Y x Ry 3 (y,t) — Jg(-, t)(y)
is jointly continuous, by applying the Lebesgue dominated convergence theorem. The use of Theorem 7.1
now ends the proof. [

Remark 7.2. Obviously, Proposition 7.2 remains valid if J is defined exactly as in Remark 3.2 (provided
that Y is a closed subset of a Banach space). The proof is then almost the same as that given above. In that
case, however, one needs to consider () ; of the form

Qs ((y1,92),C) = / /@ Lo(we(yr) + v, we(y2) + v)(e(y1) A po(y2)) 9(d) v(dv).

Example 7.1. A simple consequence of Proposition 7.2 is that conditions (J1)—(J3) are satisfied with @ = 1
for every stochastic kernel J defined as the shift of a Borel probability measure on a separable Banach space
(Y, ||I-]l) with finite first moment with respect to ||-||. In particular, the conclusions of Theorem 7.1 are then
valid whenever (S1)-(S4) hold with L + aA™! < 1. More specifically, let ¥ be a Borel probability measure
on Y such that

/ lyll 9(dy) < o, (7.14)
Y

and consider J(y,B) = 9¥(B —y) fory € Y, B € B(Y). Then, taking © =Y, we can write J in the form
(7.6) with wy(y) =y + 6 and py(y) = 1 for any y, 0 € Y. Having this in mind, one only needs to note that
(7.9)-(7.12) hold with y* =0,a = 1, n = 1 and any [ > 0. It is also worth mentioning here that, according to
the celebrated Fernique theorem [23], condition (7.14) holds, e.g., for every centred Gaussian measure on Y.
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In the case where J is defined by (7.6) with pp(y) = 1 for all § € O, y € Y (assuming that o is
a probability measure on 6), the process {Y(¢)}1ecr, can be viewed as the solution to a Poisson-driven
stochastic differential equation (see [17]), close in spirit to those examined, e.g., in [26,30,32]. The following
example provides an interpretation of Proposition 7.2 in this particular case.

Example 7.2 (A Poisson-driven stochastic differential equation). Suppose that Y is a closed subset of
a separable Hilbert space H, endowed with an inner product (- | -}, and that ||-|| is the norm induced by
(-] -). Further, let ¥ be a Borel probability measure on 6.

Consider a Poisson random measure N on B(R; x @) with compensator ¢; ® \J (where ¢; stands for
the Lebesgue measure restricted to B(R.)), i.e., such that the expectation of N(t, D) := N([0,t] x D) is
equal to tAY(D) for any t > 0 and D € B(6). By [40, Theorem 54 and Corollary 55] (cf. also [27]) we know
that such a random measure do exist on some probability space, and, what is more, the proof of this result
shows that it can be written as

D):Z:ﬂ.[07t]XD(Tn,0n) forany ¢>0, D€ B(0),

where {7, }nen and {6, }nen are independent sequences of random variables taking values in Ry and 6O,
respectively, such that the increments A7, := 7, — 7,—1, n € N (where 79 := 0) are mutually independent
and exponentially distributed with the same rate A\, while 6,,, n € N, are identically distributed with common
density h. Then, for any given D € B(6), the variables 7,, can be viewed as the jump times of the Poisson
process {N(t, D)}er, -

Finally, given continuous functions ¢ : ¥ x © — Y, A; : Y — H, i € I, and a sequence {&, }nen, of
I-valued random variables, consider the stochastic differential equation of the form

AY () = Agr (Y (£))dt + / (Y (t-),0) N(dt, df), t> 0, (7.15)
e

for an unknown process {Y(¢)};>0 taking values in Y, with initial condition Y (0) = Yy, where £(¢t) = &,

whenever N(t, ©) = n (or equivalently, t € [7,, T11)) for every n € N. By a solution of this initial value

problem we mean a cadlag process {Y (t)}tcr, satisfying

Y(t):Y0+/ Ago) (Y ds+// N(ds, df), t>0.

As we have mentioned in Remark 4.3, upon assuming that A; are dissipative and enjoy the range
condition, that is, (4.15) and (4.16) hold with some o < 0, for every ¢ € I, there exists a semiflow
Si iRy XY — Y such that Ry >t — S;(¢,y) is the unique solution of the problem v’ (t) = A;u(t), u(0) =y
for any y € Y. Then, following the reasoning in [17, §5.2], one can show that the solution of (7.15) has
the form

Y(t) _ {Sﬁn(t - TnaY<Tn)) if te [Tn77—n+l)? (716)

we,, | (Y(rpe1—)) if t =7py1,

where wy(y) =y + o(y,0) for y € Y and § € O, and {0, }nen is a sequence of O-valued random variables
with conditional distributions specified by (7.8) with pg(y) = 1 for all y € Y and 6 € 6. This means that
the Markov process ¥ := {(Y'(t),{(t)) }+er, introduced in Section 3, for which the kernel J is given by (7.6)
with wg and py defined as above, solves (7.15). We can therefore conclude from Proposition 7.2 that ¥ is
V-exponentially ergodic in dppr,. with V(y,4) == |ly|| (for (y,7) € Y x I) and sufficiently large ¢, provided
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that the following conditions hold:

(i) For some y* € Y we have [ [|o(y*,0)| 9(df) < oo;
(ii) There exists a, > 0 such that

/ lo(y1,0) — (2, 0)[|9(d0) < ao [lyr — ya  for any y1,y2 € Y;
e

(iii) There exists n > 0 such that 9({0 € O : ||o(y1,0) — (y2,0)|| < as |ly1 — y2||}) = n for all y1,y2 € Y;

(iv) For every i € I, the operator A; is bounded on bounded sets, it satisfies (4.15) with a@ < —Aa,, and
(4.16) holds.

(v) min;eg w5, > 0 for some jo € 1.

To see this, it suffices to observe that hypotheses (i)—(iii) imply that (7.9)—(7.11) are fulfilled with y* = 0,
a := 1+ a, and the given n, whilst (7.12) holds trivially. Moreover, using (iv) we can deduce (by referring
to Remark 4.3) that (S1)—(S3) are satisfied with the given o, L = 1, L(y) = 2max;cr ||A;y]] and ¢(t) = ¢,
and that @ + a/A =1+ a, + o/ < 1, which yields (4.8). Finally, condition (S4) is just assumed in (v).

It is worth stressing here that, in fact, the assumption of the boundedness on bounded sets in (iii), imposed
on A;, is only needed in the presence of switching, i.e., if I contains more than one element (since otherwise
(S3) is satisfied trivially).

Remark 7.3. Let us note that Eq. (7.15) (without switching between dynamics) also resembles the one
considered in [35], except the latter involves the so-called compensated Poisson measure instead of N itself.
In the setup of Example 7.2, the equation from [35] takes the form

dY (t) = A(Y (t))dt + / o(Y(t=),0) (N — €1 @ A0)(dt, dO). (7.17)
e

In [35], the authors assume that Y is a reflexive Banach space such that Y — H < Y* (where Y* is
the dual of Y') with dense and continuous embeddings, where Y — H is also compact, A : ¥ — Y* is
a strongly-weakly closed operator, and o : H x @ — H is a measurable map such that

/ lo(y,0)]|° 9(df) < 0o for any y €Y. (7.18)
e

Within this framework, they prove (see [35, Theorem 2.4]), among others, that the initial value problem as-
sociated with (7.17) admits a unique solution process (with almost all values in Y'), which is V-exponentially
ergodic (with V(y) = |ly||) in the Fortet—-Mourier distance. This is done (by entirely different methods than
those used here) under condition (7.18), certain coercivity and growth hypotheses (involving the maps A
and o), and the assumption that

2(Ay1 — Aya | y1 —y2) + /\/O lo(y1,0) = o (31, O)II* 9(d0) < llyr — woll” (7.19)

for any y1,y2 € Y and some @ < 0. In connection with Example 7.2, it is worth observing that, if we
strengthen hypotheses (i) and (ii) by requiring, instead, that

i) fo lo(y*,0)||* 9(df) < oo for some y* € Y,
(ii") There exists a, > 0 such that

/ lo(n,0) — (92, 0) |2 9(d6) < ay llyn — yol®  for any y1, s € Y,
€]
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then we will get (7.18), and by applying (ii’) in conjunction with (iv), we can also derive (7.19) with
a =2a+ Aay, where & < 0 due to the assumption that o < —MAa,. This comparison shows that
the exponential ergodicity for the solution of (7.17) can also be attained by replacing (7.18) and (7.19) by
conditions similar to those in Example 7.2, i.e. ('), (ii’) and (iv) (at least under the coercivity and growth
assumptions from [35]).

At the end of this section, let us illustrate the usefulness of Proposition 7.2 by investigating a simple
model of gene expression, which has already been mentioned in the introduction.

Example 7.3 (Gene Ezpression). Let Y (t) € Ry describe the concentration of some protein (encoded by
a single structural gene) in a prokaryotic cell at time ¢. The protein molecules undergo degradation, which
is interrupted by transcription occurring in the so-called bursts, followed by variable periods of inactivity.
We assume that the bursts appear at random times 7 < 79 < ---, and that the inactivity periods A, are
exponentially distributed with a common intensity A, which is reasonable from the biological perspective.
Since a prokaryotic mRNA can be efficiently transcribed and translated at the same time, the variables 7,
determine the moments of the protein production as well.

Moreover, we assume that the degradation rate depends linearly on the current amount of the gene
product, and the proportionality coefficient changes under the influence of the bursts (which may cause
occasional fluctuations in the environment, somehow perturbing the degradation dynamics). More precisely,
given a finite collection {«; : i € I'} of negative real numbers, we assume that the dynamics of the degrada-
tion process in the time interval [, 7,41), provided that Y (7,) = y, is governed by one of the initial-value
problems

u'(t) = a;u(t), w0)=y, where i€l

which generate the semiflows of the form S;(t,y) = e®ty for ¢,y > 0 and i € I. Furthermore, we assume that
the index ¢ of the dynamics in the interval [r,, 7,+1) is specified by an I-valued random variable &,,, which
depends only on §,_1, so that (3.5) holds. Consequently, we get Y (t) = S¢, (t — 7, y) for t € [Tn, Tnt1),
whenever Y (7,) = y.

Finally, we let the amount of the protein produced at time 7,, be a random variable #,, with values in
some compact interval @ := [0, M], and we assume that it depends on Y (7,—) in accordance with (7.8).
The process {Y (¢) }+>0 then changes from Y (7,—) to Y (7,) = Y (7,—) + 6, for every n € N.

In view of the above, defining wy(y) = y + 6 for y € Ry, 8 € O, and putting 79 := 0, we see that
{Y (t) }ter, (evolving on Y = Ry) is of the form (7.16). Hence the process ¥ = {(Y(t),{(t))}ter, , where
&(t) =&, for t € [T, The1), can be viewed as an instance of the PDMP introduced in Section 3, for which
the kernel J is of the form (7.6). Furthermore, it is easily seen that conditions (7.9), (7.10) and (S1)—(S3)
hold for this model with y* = 0,a@ = 1, L = 1, a = max;cs a;, ¢(t) = 2¢®" and L(y) = y. Since a < 0,
we also get aL + al™! = 1+ aX~! < 1, which ensures (4.8). Consequently, according to Proposition 7.2,
the process ¥ is V-exponentially ergodic in dppr. with V(y,4) = y and sufficiently large ¢, provided that
min;er m;5, > 0 for some jo € I and the densities § — pg(y), y € Y, are such that (7.11) and (7.12) hold.
One can check that the latter is attained whenever ¢ > 8M(—a) (A — a)(2A — a) + 1.

7.8. Proof of Proposition 7.1

Let P and @p be the kernels defined by (3.4) and (7.5), respectively. Moreover, consider the augmented
coupling @ of the chain @ (constructed in Section 6) with transition law P defined by (7.4). In particular,
{( W ,22))}neNo itself is then governed by the kernel

P((z1,22),C) = P((x1,7,0),C x Ry) for x1,25 € X, C € B(X?). (7.20)
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In order to prove Proposition 7.1, we first need to derive hypotheses (B1)—(B5), used in [15, Section 2]
(and also assumed in [29, Theorem 2.1]), from conditions (S1)—(S4), (J1) and (J2), imposed in combination
with (4.8) and (4.12). To begin, let a, b be the constants specified in (4.11), and let V stand for the function
given by (4.9). Further, define F':= G U K, where

G = {((ylvil)a (y2,i2)) S X2 T = ig},

K = {((y1,i1), (y2,i2)) € X% : V(y1,i1) + V(y2,i2) < R} with R:= 4b (7.21)

1—a’

Lemma 7.1. Suppose that conditions (S1)—(S4), (J1) and (J2) hold with L, o, a satisfying (4.8) and that ¢
is large enough to assure (4.12). Then the following statements are fulfilled:

(B1) We have a € (0,1), b> 0, and PV (z) <aV(x)+b forall ze€ X.
(B2) supp Qp((x1,22),-) C F and

/2 px,c(wi, w2) Qp((z1,22),dwr X dws) < apx c(x1,x2) for any (x1,x2) € F.
X

(B3) Defining U(r) == {(w1,w2) € X?: px.c(wi,w2) <7} for anyr > 0, we have

inf  Qp((w1,22),U(apx,c(r1,22))) >0,
(z2,x2)EF

(B4) There exists I > 0 such that
Qp((z1,22), X?) > 1 —lpx.c(v1,22) for any (w1,72) € F.
(B5) There exist v € (0,1) and C, > 0 such that
IE(JIJQ)(V*"K) < C, whenever V(z1)+ V(zz) <R,
where o = inf{n € N : ((15,(11), 457(12)) € K}.
Proof. First of all, note that condition (B1) is guaranteed by Lemma 4.1.

The proof of the first part of (B2) goes as follows. Let (x1,72) = ((y1,%1), (y2,42)) € X2. Since X? is
endowed with the product topology, we may consider it as a metric space with the distance

pXQ,C((w17w2)7 (21,22)) = PX,c(w1,Z1) + pX,c(wz,Zz) for (w1, ws), (331,!102) € X2
The support of Qp(x1,x2,-) can be then expressed as
supp Qp((z1,22),") = {(21,22) € X*: Qp((21,22), Bx2((21,22),€)) > 0 for any ¢ > 0},
where By2((21,22),¢) is the open ball in (X2, py2 ) centred at (21, z2) with radius e. Let
(21, 22) = ((u1, j1), (ua, jo)) € X*\F.

Then, in particular, (21, 22) ¢ G, and thus j; # jo. This implies that, for any (w1, we) == ((v1,7), (v2,7)) € G,
we have
pxz.c((w1,we), (21,22)) > c(d(4, j1) +d(j, j2)) > ¢,

whence By2((21,22),¢)NG = . Taking into account the definition of Qp, given in (7.5), we therefore obtain

Qp((x1,72), Bx2((21,22),¢)) = Qp((z1,22), Bx2((21,22),¢) N G) =0,

which yields that (z1, 22) € X2\ supp Qp((71,22), ).
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Passing to the proof of the second part of (B2), let (z1,22) = ((y1,%1), (y2,i2)) € F. Then i; = is or
Y1, Y2 € By (y*, R) (due to the definition of V'). Hence, from (S2) and (S3) it follows that

pY(Sil (tv yl), Sig (tv yQ)) S PY(Si1 (tv y1)7 S’L'l (t, yQ)) + PY(Si1 (tv y?), Sig (tv yQ))
< Le™ py (y1,y2) + ¢(t)L(y2)d (i1, i2) (7.22)
< Le® py (y1,y2) + (t)Med(iy, ia),

where M, is given by (4.13). Consequently, referring to the definition of Qp, (4.4) and (4.12), we can
conclude that

/ , px.c(wi, w2) Qp((z1,22), dwy X wa)
X

= Z(Wil,j /\7Ti2,j)/ )\efAh/Q py (v1,v2) Q1((Si, (hyy1), Siy(h,y2)), dvy % dvz) dh
0 Y

jeI

< d)\/ e_AhPY(Sil (h7 y1>7512(h7y2))dh
0

<al ( / e“a)hdh) py (Y1,y2) + GAM ( / e Mo(h) dh) d(i1, in)
0 0

GAL QAL (A — a)MK,
7)\—apy(y1’y2)+)\—a L

d(i1,i2) < a(py (y1,y2) + cd(i1,i2))

= a'ﬂX,c(JH,ﬂJQ),

which is the desired claim.
We now proceed to show condition (B3). First, define to := lim,_,o s~ In (A(A — 5)7!), which is obviously

positive, and observe that

aAL

aLe™ <

aLe™ < 5

=a forany t<t. (7.23)

Now, let (z1,z2) = ((y1,%1), (y2,i2)) € F, and note that, for any uj,us € Y, j € I, and 0 < ¢t < tg, we have

(ur,u2) € U(apy (Si, (t,y1), Sia (t,32))) = (w1, 5), (u2, ) € Ulapx.e(z1, 22)), (7.24)

where U(-) and U(-) are defined as in (4.6) and (B3), respectively. To sce this, it suffices to apply conditions
(7.22), (7.23) and (4.12), which ensure that, for any ¢ < to and every (u1,u2) € U(apy (Si, (t,y1), Siy (t,y2))),

pX,c((u17j)7 (Ug,j)) = pY(u17u2) < a’py(Sh (tvyl)a S’ig (tva))
< dLeatpy(yh yz) + dM[;(p(t)d(il, ig)
< apy (y1,y2) +aMM,d(i1,i2)

My/My(\—« L
=a <py(y1, y2) + ﬁi(L)d(zwz)) < apx (w1, x2),

where M, given by (4.14), whence ((u1,7), (u2,7)) € Ulapx,c(z1,x2)). Now, using (7.24), together with
(4.5), we obtain

/2 ]]‘U(apx’c(il,ivg))((ul’j)ﬂ (UQ,]))QJ((S“ (h7y1)7Si2 (hayQ))vdul X du?)
Y

Z ,/y2 lﬁ(&py(sil(h,yl),Si2(h,y2)))(ul’u2)QJ((Si1 (hvyl)asig(h,y2))adul X duQ)

= QJ((Si1 (h7 y1>7 Si2 (hva))7 U(de(Sh (hayl)’ Si2 (h7y2)))) >n forany h <to.
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Finally, from (5S4) it follows that

Qpr((z1,22),Ulapx,c(x1,22)))

to
> Z(%JA%J)/ Ae*Ah/
jel 0 Y

X Q((Si; (h,y1), Siy(hyy2)), duy x dug) dh
2 (minmijo )n(1 — e 0) >0,

) HU(apxﬂc(a:l,a:z))((uhj)’ (Ug,]))

with 7 defined by (4.5), which gives (B3).
Now, we shall establish condition (B4). To do this, fix (z1,z2) == ((y1,%1), (y2,72)) € F, and note that,
due to (4.7),

Qpl(1,22).X%) = (s M) [ AN (i (). Sig (b 2)). V) d

Jet . (7.25)
> Z(ﬂ-il,j A 771'2,]’) - l/\/ e_AhpY (Sn (ha yl)v Siz (h, yQ)) dh.
jer 0
On other hand, referring again to (7.22), we get
/ e M py (Siy (hyy1), Siy (R, y2)) dh
0 o0 o0
<L (/ e~ A—ah dh) oy (y1,y2) + Mg (/ e Mp(h) dh> d(iy,is) (7.26)
0 0
< - aPY(yl,yQ) + MK d (i1, i2).
Moreover, we can write
thj/\méd Z 17 d(’Ll,ZQ) (727)

JeI
Consequently, taking into account (7.25), (7.26), (7.27) and (4.12), we infer that

QP((th?)aXZ) Z 1-—

INL - .
o aPY(yl,yz) — (L +IAMcK)d(i1,2)

INL .
2 1-— (M + 1+ l)\MﬁK<p> pX’c(xl, CUQ),
which completes the proof of (B4).

What remains is to show that (B5) holds. To do this, we shall apply [29, Lemma 2.2] to the coupling
{(@Y(Ll), @,(LQ))}%NO with transition law P, given by (7.20). For this purpose, it suffices to observe that, letting

V(z1,22) = V(1) + V(z2) = py (y1,9") + py (y2, ") for a1 = (y1,i1), 72 = (y2,42) € X2,

we have
PV (x1,22) < aV(x1,29) +2b for any (z1,72) € X2,

which follows directly from (B1) and (7.22). The proof of Lemma 7.1 is now complete. [

Having established Lemma 7.1, we can prove Proposition 7.1 by arguing as in the proof of [15, Lemma 2.1].
First of all, we need to be able to distinguish the case where the next step of the chain & is drawn only
according to Qp from the case when it is determined only by Rp. For this aim, we consider Z* := Z x {0, 1},
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which can be viewed as a copy of Z = X2 x R, split into two disjoint subsets Z x {0} and Z x {1}. Then
we define a new stochastic kernel P* : Z* x B(Z*) — [0, 1] by setting

ﬁ*((ml’m%svk;)aH) = (QP((xhx?as)v ) ® 6;)(}[) + (Rp((1‘1,$2,$), ) ® 68)(H)

for any x1,22 € X, s € Ry, k € {0,1} and H € B(Z*), where §§ (resp. 07) stands for the Dirac measure
at 0 (resp. at 1) on 2{%1}, Obviously, for any (1,2, s,k) € Z* and D € B(Z), we have

ﬁ*((CEl,.’IJQ,S,k),D X {1}) = QP(($17$275)7D)7
Aﬁ*((xlva’svk)vD X {O}) = RP((mlaans)aD)a
P‘k

~

((x1,x9,8,k),D x {0,1}) = P((x1, x2, s), D).

Further, we introduce the canonical Markov chain &* := {(&/,, Kn)}nen, With transition law P*, wherein
¢ = {(@;L(l)7 S 7)) }nen, is an appropriate copy of @, and &, takes values in {0, 1}. We therefore assume
that ®* is defined on the space (2%, F*) = ((Z*)NO ,B( (Z*)NO )), equipped with an appropriate family
{I@fxl ) § T1, T2 € X} of probability measures on F*, such that &* starts at ((z1,22,0),0) almost surely

: . ™ . T ; : . : ™
with respect to P(wwaz)' The symbol E(wuwz) will denote the expectation operator corresponding to ]P’(Il’m).

Let us now fix arbitrarily (z1,72) € X? and n, M, N € N such that n > M > N. Further, consider
the random times

U%N) = inf {m >N: ((P;Sl), @;@) € K} , ¢:=inf{meN: g; =1 for any i > m},
where K is given by (7.21), and define
HN,n = {FLN = KN+41 = "= Kp = 1}, H]cv’n = .Q*\HN’n.

Taking into account that @*(van) < ]IAD*(C > N), and that px (w1, ws) <1 for any wy,we € X, we can
write the following estimate:

E(xhxz) {ﬁxﬁ(@r(})v ¢57(L2)):| = Azm,rz) [ﬁX,a (@1/1(1)’ (1)7/1(2))]
- / L Pxe (wi,w2) P, Loy (241, 8)2)) € duwy x dwg)
X

((qs;fl), P € dw; x dwg)
g]V[}ﬁHNyn

S/X2 PX.c (wleQ)P?11»$2)|{

+P (J%V) >M)+I§’($17$2)(C>N),

(z1,22)

with the convention that @Z‘ll 7;2)|H(') = @E‘ll wz)(H n-).
Since, according to Lemma 7.1, hypotheses (B1)—(B5) are fulfilled, we can now apply [15, Lemma 2.2] to
conclude that there exist constants Cy,C2,C3 > 0, ¢1,¢2,q3 € (0,1) and p > 1 such that

Blay ez [P (000, 82)] < (Cral™ + Cagd’ N + Caaf) (1 + V(1) + V (2).

n

Finally, letting n > [4p] and taking N = |n/(4p)], M = |n/2], we obtain
By |Pxe (200, 82| < Co(V(@1) + Vi(wz) + 1)g"

with ¢ == {qi/z,q%/{q;/(@)} and Co = max{q; ', ¢z ' }(Cy + 2C, + 2C3). Obviously, since px. < 1, this
inequality holds, in fact, for all n € N with Cy = ¢~ *?I max{Cp, 1} in the place of Cy. The proof of
Proposition 7.1 is now complete.
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