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Abstract

The epistemic uncertainty stems from the lack of knowledge and it can be reduced when the knowledge increases. Such inter-
pretation works well with data represented as a set of possible states and therefore, multivalued similarity measures. Unfortunately,
set-valued extensions of similarity measures are not computationally feasible even when the data is finite. Measures with properties
that allow efficient calculation of their extensions, need to be found. Analysis of various similarity measures indicated logic-based
(additive) measures as an excellent candidate. Their unique properties are discussed and efficient algorithms for computing set-
valued extensions are given. The work presents results related to various classes of fuzzy set families: general ones, intervals of
fuzzy sets, and their finite sums. The first case is related to the concept of the Fuzzy Membership Function Family, the second
corresponds to the Interval-Valued Fuzzy Sets, while the third class is equivalent to the concept of Typical Interval-Valued Hesitant
Fuzzy Sets.
© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Any information can be presented as a set of possible states, one of which is the “true” or “real” one, not known
at the moment due to the lack of knowledge. Thus, it is a way to describe or represent some uncertain information.
The uncertainty is not of the probabilistic type, but stems from the lack of knowledge; it can be reduced when the
knowledge increases. Such an interpretation of a set has an epistemic (conjunctive) nature — contrary to the ontic
(disjunctive) one, when the set is understood as a complex, but certain, information [11,17]. We will thus denote
A as a set of possible states that it represents. We clearly distinguish the description of an (unknown) object from
the object itself (represented by one of the possible states). The notion of uncertainty—aware similarity measure that
emphasizes this distinction was the primary motivation for this study. Let us assume, for example, that we want to
compare two identical intervals: [0.1, 0.8] and [0.1, 0.8]. We notice the total similarity of their description; however,
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it does not imply a total similarity of the objects that are being described. This situation needs to be handled correctly
by a similarity measure, but at the same time, it may imply significant computational difficulties.

Because of the many different approaches to data uncertainty, defining the similarity of epistemic data is a complex
problem. Even the basic properties of the concept of similarity have not been clearly established and widely accepted.
For example, it is necessary to answer the question of how to determine the degree of similarity, so that it reflects
the similarity of information described in an incomplete way. As it was noted, even the total similarity of incomplete
descriptions does not guarantee the similarity of the described phenomena or objects. For this reason, it is necessary
to model the similarity utilizing intervals or subsets, which results in multivalued similarity measures.

In general, set-valued extensions of similarity measures [9] are not computationally effective even when the data
is finite. Even in the simplest case, the measure value is not obtained for a simple combination of the input fuzzy sets.
This creates the need for further research into the problem, with particular regard to the computational aspects. We
need to look for similarity measures with properties that allow efficient calculation of their extensions. Analysis of
various families of similarity measures [15] indicates that logic-based measures are an excellent candidate for further
research. A key feature of this family is the use of an aggregation operator to combine partial similarity degrees. This
allows to change the scope of optimization and lead to very promising computational results.

The presented results are related to various classes of F(U) subsets:

e General families of fuzzy sets. In this case, A consists of any collection of individual membership functions. This
approach is related to the concept of Fuzzy Membership Function Family introduced in [43].

o Intervals of fuzzy sets and their finite unions. The notion of interval of fuzzy sets was introduced in [29]. There is a
one-to-one correspondence between intervals of fuzzy sets and Interval-Valued Fuzzy Sets (IVFS, [39]). However,
such an epistemic interpretation of IVFS as a collection of fuzzy sets is not widely used.

e Typical Interval-Valued Hesitant Fuzzy Sets (TIVHES, [7,34]).

Section 2 defines the essential concepts used in the rest of the work. The third section shows the motivation behind
our research, which is the uncertainty-aware similarity measure. It summarizes some definitions and properties of
such measures and relates them to the concept of a set-valued extension. Section 4 discusses the problem of the
effective computing of such extensions of similarity measures with regard to the introduced classes of F(U) subsets.
Examples of specific measures and discussion on the algorithmic approach to determining their values are also given.
The fifth section contains the main results and deals with the most promising case of logic-based similarity measures.
Their unique properties are discussed, and practical algorithms for computing set-valued extensions are given.

2. Definitions

Let U = {u1,us,...,u,} be a crisp universal set. A mapping A: U — [0, 1] is called a fuzzy set (FS) in U. For
each 1 <i <n, the value A(u;) (a; for short) represents the membership grade of u; in A. Any crisp set X C U can be
represented as a fuzzy set by its characteristic function 1. We say that fuzzy set A is a subset of fuzzy set B (A C B)
if A(u;) < B(u;) forall u; € U. Let F(U) be the family of all fuzzy sets in U, A(u;) denote its subset and

A(w;)={x€[0,1]: x = A(u;), forsome A € A}. @))

A binary operation ¢: [0, 1] x [0, 1] — [0, 1] is called a triangular norm (t-norm, for short) if it is commutative,
associative, non-decreasing in each argument, and has 1 as neutral element. The most important t-norms are the
minimum fpip(x, y) = min(x, y), the product #p04(x, y) = xy, and the bukasiewicz #y yx (x, y) = max(0,x + y — 1).
A thorough investigation on t-norms can be found in the classical monograph of Klement et al. [24].

A function n: [0, 1] — [0, 1] is called a fuzzy negation [1] if it is decreasing, n(0) = 1 and n(1) = 0. The comple-
ment of fuzzy set A with respect to negation # is defined as a fuzzy set A’ such that A’(u;) = n(A(u;)) forall u; € U.
The most natural negation is defined as n(x) = 1 — x. Unless otherwise mentioned, it should be assumed that this
negation was used.

Let E C F(U) x F(U) be such that

(S1) (A, B) € E if and only if (B, A) € E,
(S2) if (A, B) € E, then (A, 1) € E.
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Definition 1. A similarity measure of fuzzy sets is defined as a function s: E — [0, 1] such that

(T1) foreach (A, B) € E, we have s(A, B) =s(B, A),
(T2) foreach (A, D) € E and (B, C) € E suchthat A C B C C C D we have

s(A, D) <s(B,C), (2)
(T3) foreach X C U suchthat (1x,1xc) € E we have s(1x,1xc)=0and s(lx,1x)=1.

This definition coincides with the classical one proposed by Xuecheng [37] (see also [12,15,38]). The higher measure
values indicate higher similarity of its arguments. It is usually assumed that £ = F(U) x F(U), meaning that all
fuzzy sets are comparable by a given similarity measure. However, some similarity measures (such as Jaccard index)
can not be formally defined over the whole Cartesian product F(U) x F(U).

It is important to note that any fuzzy subset A of a finite universe U can be identified with a tuple (A m1), -,
A(un)) € [0, 17" and therefore F(U) can be identified with the Cartesian product [0, 1]".

Definition 2. Fuzzy set similarity measure s: E — [0, 1] is called convex and continuous if E is convex, meaning
that the set

X ={(xa,xp) €[0,11*": (A, B) € E}, (3)
is convex and the function f: X — [0, 1] defined as

f(xa,xp) =s(A, B), “4)
is continuous in the whole domain.

Definition 3 (/2]). An n-argument aggregation operator is a mapping Agg: [0, 1]* — [0, 1] with the following prop-
erties:

1. ifx; <y foralli el,---,n,then Agg(xy, -, x,) <Agg(¥1, -, ¥n),
2. Agg(l,---,1)=1,
3. Agg(0,---,0)=0.

If aggregation covers some indexed values x;, it can be more convenient to use the following notation

n
Agg(xr, -+ xi -+, %) = P o)
i=1

Definition 4. Median aggregation operator M: [0, 1]" — [0, 1] is defined as

% (x(k) + x(k+1)) , if n =2k is even,

Mx?”'vx = . .
(1 n) X(k)» if n =2k —11is odd,

(6)
where x ) is the k-th largest among x1, - - - , x;,.
3. Motivation

We have conducted an extensive analysis of many different approaches to defining similarity measures and related
concepts (inclusion, subsethood, distance, dissimilarity, and entropy measures). The focus was put mainly on the
properties of such measures regarding data uncertainty and their impact on the possibility of expressing real-world
requirements and semantics of similarity. Thanks to the comparison of the properties of various similarity measures
[6,8,12,13,21,25,26,28,32,33,37,40-42], it was possible to propose a concept of uncertainty—aware similarity measure
[44].

Let E C P (F U)) x P (F (U)) be such that:
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(E1) (A,B) eEifandonly if (B,A) €E,
(E2) (A,B) €Eif (A, {]lU}) cE,
(E3) (A, B) €E if and only if for any fuzzy sets A € A, B € B:

({A},(B}) €E. )

Definition 5. A function 5: E — P([0, 1]) is an uncertainty—aware similarity measure if it satisfies following condi-
tions:

(P1) Forall (A,B) €E,

5(A,B) =5(B, A). (®)
(P2) If (F(U), F(U)) €E then

S(FU), FU)) =10, 1]. )
(P3) Forall (A,B)€E, (A,C)cEsuchthat1x €A, 1x € Band 1xc € C for some X C U,

1 €5(A, B), (10)
0es(A, O). (11)
(P4) For all fuzzy sets A, B € F(U) such that ({A}, {B}) €E,

S({A}, {B}) = {a}, forsomea € [0, 1]. (12)
(P5) Forany (A,C) €E, (B,D) € E suchthat ACBand CCD,

S(A,C) C5(B,D). (13)
(P6) Forany (A,D)eEand (B,C)ceEandforall A€ A,BeB,C€C,DeDsuchthat AC B C C C D we have

Sad = Shes (14)

where
S({A}, {D}) = {saq} and 5({B}, {C}) = {spc} (15)

The first property, symmetry, is a common and widely accepted condition for every similarity measure, and so it is
in the presence of uncertainty. Next properties should be considered taking into account the specificity of epistemic
information. Thus, (P2) requires that no information implies no conclusions - when comparing an unknown object, the
similarity should also remain unknown. On the other hand, if the information is complete (is reduced to a single FS)
then their similarity should also be completely known (without uncertainty) - that is the meaning of the property (P4).
By (P3) we make two observations; two pieces of epistemic information could be similar to a degree 1 only if they
share at least one common state (10). On the other hand, if they are inconsistent, then 0 should be a possible value of
their similarity (11). In general, when a degree of uncertainty decreases so does similarity measure - which has been
captured in (P5). Consequently, for any pair of possible states, their similarity measure belongs to the similarity of any
uncertain information that they belong to. Finally, property (P6) imposes the monotonicity with respect to fuzzy set
inclusion. It should be noted that inclusion relation plays a purely technical role in this formula — it only guarantees
the proper ordering of the membership functions. For this reason, a deeper interpretation or generalization does not
always make sense.

This definition captures the ideas presented in many previous works [30,31,36,45]. Moreover, it turns out that this
definition is consistent with the more general concept of set-valued extension considered by Couso and Bustince [9] in
which the uncertain input, treated as a set of states, is used to calculate its image under the original fuzzy set similarity
measure. This approach is formalized in the following definition.
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Definition 6 (Set-valued extension, [9]). Let s: E — [0, 1] be a similarity measure of fuzzy sets. Function [s]: E —
P ([0, 1]) can be defined in the following way:

[sI(A,B)={s(A,B): A€ A, BeB}, (16)

where

E={A,B) e P(FU) xPFU):AxBCE}. a7

Theorem 1. For each convex and continuous fuzzy set similarity measure s: E — [0, 1], its set-valued extension [s]
is an uncertainty—aware similarity measure.

Proof. Let s : E — [0, 1] satisfy the assumptions. Let [s]: E — P([0, 1]) be defined according to the Definition 6.
The first step is to check whether E satisfies conditions (E1)-(E3) required before definition of an uncertainty aware
similarity measure. Two first properties follow directly from the definition. Let check the third condition,

(A,B) cE A xBCE «= Vucr (A, B) € E
BeB

& Vgea (4) x {B}cE&vgéﬁ (1A}, (B}) €E. (18)

Now we will prove each property separately:

(P1) The symmetry of the resulting measure is due to (T1).

(P2) Let (F(U), F(U)) € E. Then (1y, 1y), (1y, 1y) € E. Moreover, from (T3) we know that s(1y, 1y) =1 and
s(Ly,1y) = 0. Let for any « € [0, 1] define set A, such that Ay (u;) =« (Ag = 1y and Ay = 1y). Because
E is convex we know that (1y, Ay) € E for any a € [0, 1]. Moreover, function s’ : [0, 1] — [0, 1] defined as
s'(@) =s(1y, Ay) is continuous real function such that s'(0) = 0 and s’(1) = 1, which by Intermediate value
theorem proves that [s](F(U), F(U)) =[O0, 1].

(P3) This follows directly from (T3) similarly as in the proof of (P2).

(P4) This property follows directly from (16). Let A, B € F(U) such that ({A}, {B}) € E, then

[s1{A}, {B}) ={s(A, B): A {A}, Be{B}} ={s(A, B)}. (19)
(P5) Let (A, C) €E, (B,D) € E be such that A C B and C C D. We have
[s1(A,C)={s(A,C):Ae A, Ce(C}
c{s(A,C): BeB,DeD}=[s](B,D). (20)

(P6) Let (A,D),(B,C)eEand A€ A,BeB,CeC,D €D be such that AC B C C C D. From (16) we may
observe that

{s(A, D)} = [s]1({A}. {D}) = {s4a}. (21)
{s(B,C)} = [s1({B}. {C}) = {sbc}- (22)
Thanks to (T2) we know that

Sad = S(A, D) < s(B, C) = spc, (23)

which completes the proof. O
An additional result in opposite direction may be derived from (P4) and (P5) properties.

Remark 1. Any uncertainty-aware similarity measure 5 derives a similarity measure s for fuzzy sets, such that the
images of 5 for any pair (A, B) include the corresponding set of images of s, i.e.:

S(A,B)D{s(A,B): AcA, BecB). 24)
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Fig. 1. Visualization of the Interval-Valued Fuzzy Set A and interval of fuzzy sets associated with it (shaded area). Dashed lines represent two
embedded fuzzy sets A1 € A and Ap € A.

Hence, the axiomatic approach presented in the uncertainty-aware similarity measure and the constructive one with
the set-valued extension lead to similar results, which is consistent with the general theoretical results [10].

It is important to note that those concepts are not equivalent. There exist many uncertainty-aware similarity mea-
sures that do not fall under set-valued extension scheme. Consider the following example:

{0}, ifA={A)},B={B}and A B,
SA,B)=1{{1), ifA={A),B={B}and A= B, (25)

[0,1], otherwise.
4. Computational study on set-valued extensions of similarity measures

In real-life scenarios, most of the time, the data is finite in terms of both attributes and records. It is particularly true
in the case of information obtained directly from a human. Moreover, computers can only manage finite data. Having
this in mind, in this paper, we correspond to the case where data can be reliably represented in a finite way.

In general, set-valued extensions of similarity measures are not computationally effective even while data is finite.
Similarity measures are not monotonically increasing and decreasing with respect to some combination of compo-
nents, neither satisfy linearity conditions (see [9]). For this reason, even in the simplest case of the interval-valued
extension, the measure value bounds are not obtained for a simple combination of the input family of fuzzy sets
bounds.

In this paper, we distinguish 4 cases:

1. General family of fuzzy sets (FoFS).
In this case, the only restriction is that A is a closed, nonempty subset of F(U); hence it consists of any collection
of individual membership functions. This approach is analogous to the concept of Fuzzy Membership Function
Family introduced in [43].

2. Interval of fuzzy sets (IoFS).
The notion of interval of fuzzy sets was introduced in [29]. It is defined as

A=[A Al={AecF(U):AC ACA}. (26)

There is a one-to-one correspondence between intervals of fuzzy sets and Interval-Valued Fuzzy Sets (see Fig. 1).
The difference between those two concepts is in their interpretation. IVFS are understood as generalized fuzzy
sets where membership values are sub-intervals of [0, 1] instead of a single number. On the other hand, intervals of
fuzzy sets are interpreted as collections of fuzzy sets between the lower and upper bound. Because the epistemic
interpretation of IVFS as a collection of fuzzy sets is not widely accepted, we will use the notion of the interval
of fuzzy sets throughout the rest of this work.
3. Union of fuzzy set intervals (UIoFS).

This case covers any finite union of fuzzy set intervals, hence this allows to introduce discontinuities into the
membership values:
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4. Typical interval-valued hesitant fuzzy sets (TIVHES).
In this case the information can be characterized in the sense of possible membership values for given element of
the universe:

Awp= | [Q{,a{], (28)

for some 0 <a] <a <1.

In the following, n will denote the size of the universal set n = |U|, and k the number of intervals of fuzzy sets or
disjoint intervals that are allowed as a membership value of any A € A. To simplify the worst-case analysis, without
loss of generality, we assume that each membership value belongs to the union of exactly k intervals. For the first
case, to make the results comparable, we assume that the number of membership functions is of the O (k") order.

For the first case (FoFS), the naive approach of iterating through all states requires O (k") calculations of original
similarity measure (which most often requires O (n) operations itself). This case is very complex, and one may only
try to approximate the final similarity value, which may be an arbitrary nonempty subset of [0, 1].

The naive algorithm for the second case (IoFS) is, in some sense, even more complex. Although the data repre-
sentation is finite, the set-valued extension requires an infinite number of values to be checked. Hence, two naive
approaches are possible. The first is based on reducing it to the previous case by replacing the interval of fuzzy sets
with a finite number of membership functions. The second is to use general optimization algorithms, such as Brent
algorithm [5]. Both solutions are very inefficient in terms of computation complexity and do not guarantee an accurate
result. Particular problems in this class have been the subject of previous research [23,27,45,46], and algorithms (exact
and approximate) for many functions of fuzzy sets including similarity measures are known.

The case of UIoFS is a straightforward generalization of the previous one. Having any solution for IoFS case
with O (f (n)) complexity we can easily construct an algorithm that will solve UIoFS case in O (kf (n)) by iterating
through all & intervals and merging the results.

In the fourth case (TIVHFS), if there is known computation method for the second case with a complexity of
O (f (n)), then the naive algorithm requires O (k" f (n)) operations.

When it is not possible to compute a set-valued extension of the similarity measure effectively, we will try to
provide a fast algorithm that finds the smallest interval that contains the actual value (bounding interval), denoted by
5(A,B) =[5(A, B), 5(A, B)]. This value corresponds to the second type of extensions proposed in [9] — the min/max
extension.

It is important to note that a simple approach to finding bounding intervals via substituting the union of intervals
by a single interval that covers all of them, will potentially yield a too wide result — denoted by [s](A, B). On the
other hand, computing similarity only for extreme memberships (or any other selected representatives) — A, A € A
and B, B € B — will yield a too narrow result. Following inclusions hold (see Fig. 2):

[S(A, B),s(A, E)] C5(A,B) C[sI(A, B) and [s](A, B) C5(A, B). (29)
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Table 1
Computational complexity of set-valued extensions of similarity measures. If lower and
upper bounds differ in complexity, worst case is given.

Case 1 Case 2 Case 3 Case 4
(FoFS) (IoFS) (UIoFS) (TIVHES)

Minkowski distance

exact value O (nk'™) O(n) O (nk) O (nk'™)

bounding interval - O (nklogk)
Jaccard index

exact value O (nk™) O(nlogn) O (nklogn) O (nk™ logn)
bounding interval - - - O (nk +nlogn)
Simple matching coefficient

exact value O (nk™) O(n) O (nk) O (nk'™)
bounding interval - - - O (nklogk)
Logic-based

exact

— mean aggregation O (nk™) O(n) O (nk) O (nk'™)

— median aggreg. omk™ 0@ O (nk) 0n3K3)

— min/max aggreg. O (nk™) o) O (nk) 0(n%k?)
bounding interval - - - O (nklogk)

A deeper formal discussion on this topic can be found in [9,10].

After a general discussion on computational problems related to the set-valued extensions of similarity measures,
we will show examples of extensions of well-known measures. Using the classification proposed by Cross and Sud-
kamp [15], the examples of distance and set-theory based similarity measures will be discussed in the following
Subsections. Section 5 deals with the computation of the set-valued extensions of the logic-based similarity measures,
which is the main result presented in this work.

4.1. Set-valued extensions of similarity measures

The following section discusses the set-valued extensions of known similarity measures obtained using Defini-
tion 6. As will be shown further in this section, the computation of some similarity measures is difficult, while other
measures can be calculated using simple formulas. The most important facts from this subsection were gathered in
Table 1.

4.1.1. Distance based similarity measures
The Minkowski distance is very often used as a measure of similarity

(A,B)=1 d.(4, B) 1 !
Sd,. (A, =l =17
VU] J1U|

It is defined over the set E = Ey = F(U) x F(U). Such measure meets the assumptions of Theorem 1. Thanks to
this, its set-valued extension is an uncertainty—aware similarity measure.

There are well-known formulas for calculating the set-valued extension of the Minkowski distance in the IoFS case
[45]. In the TIVHES case, computing the exact value requires naive iteration through all combinations of intervals. On
the other hand, the bounding interval s(A, B) can be computed effectively. Lower bound of 5(A, B) can be calculated
in O (n) using

, Z |A(ui) — Bup)|'. (30

uielU

1 — A\
;(A,B)=l—ﬁ ZmaX{lé(u)—B(u)I,IA(u)—E(u)I} ; (31)

uelU
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where A, A, B, B represent lower and upper bounds in A and B. Upper bound can be computed in O (nk log k) using
the Bentley—Ottmann algorithm [4] to find the two closest points in A(u;) and B(u;) for each u; € U.

4.2. Set-theory-based similarity measures

4.2.1. Jaccard index

The Jaccard index is the most commonly used similarity measure. It formalizes the observation that for any two
sets, the more common and less different elements they have, the more similar they are. As a reminder, the Jaccard
index for fuzzy sets is defined as

_|ANB|

s7(A, B) = AUB|

, where |[A U B| #£0. (32)

Because AN B C AU B, the Jaccard index can be viewed as the ratio of the number of common elements of A and B
to the number of all elements in A or B. Unfortunately, the unambiguous definition of the similarity value in the case
when |A U B| = 0 is not possible. Thus, the domain of similarity measure is defined as

E;=FU) x FU)\ {1y, 1p)} = Ey. (33)

The Jaccard index was successfully extended to the IoFS case first by Nguyen and Kreinovich [30], then was
generalized to solve other related problems [42,45,46]. Proposed algorithms allow for an efficient calculation of the
lower bound in O(nlogn) and upper in O(n) operations. Those algorithms can be directly extended to compute
bounding intervals in TIVHFES case, which will result in a complexity of O (nk+nlogn) and O (nklogk), respectively.
Exact value in the fourth case (TIVHFS) still requires naive iteration throughout all interval combinations.

4.2.2. Simple matching coefficient
One of the frequent critics against the Jaccard’s index is that it is not taking into account common deficiencies in
the two sets. This issue is solved by the Simple matching coefficient:

|JANB|+|A'NB|
Ssmc(A, B) = U] . (34)

The following transformation

S (A, B) = 2 min(Aw), B+ mincl = AGw), 1= Bep)
1
ueU

shows that SMC is a special case of the Minkowski distance based similarity measure for » = 1 (see Subsection 4.1.1).
It is interesting to note that, on the one hand, Simple matching coefficient can be treated as a generalization of the
Jaccard index, and on the other we get a simpler algorithm to calculate it.

5. Logic-based similarity measures

Logic-based measures [15,19,20] use the interpretation of the membership function of a fuzzy set as the degree of
truth of the proposition represented by this fuzzy set. The basic method assumes the use of an implication operator,
which allows constructing both the inclusion and similarity measures. In classical logic, the implication operator can
be defined in several equivalent ways. The generalization to the case of fuzzy logic, where infinitely many degrees of
truth are admitted, resulted in the creation of many not equivalent definitions of the concept. The most frequently used
implication operators are SN—implications, R—implications and QL—implications [1,35].
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5.1. Definition and properties

Definition 7. Logic-based similarity measure is defined as an aggregation of the equality values W : G — [0, 1] ob-
tained for all elements of the universe

sw(A, B) = @D W(paw), np)). (36)

uelU

The domain of such a function is defined as
Eg={(A,B) e F) :¥ueu (A, Bwi) € G} (37)
where G C [0, 1] and

(G1) (a,b) e Gifandonlyif (b,a) €G,
(G2) (a,b)eGif(a,1)eG.

This definition generalizes the concept of additive similarity measure recently proposed by Couso [13,14]. It should
be noted that replacing arithmetic mean by any other aggregation operator does not affect any of the assumptions or
properties. Moreover, this approach allows for direct integration of the weights of individual elements of the universe
into a similarity measure.

Theorem 2 (Couso & Sanchez, [13]). Function sy : Eg — [0, 1] is a similarity measure when

(V1) forany (a,b) € G

V(a,b)=V¥(b,a), (38)
(V2) forany (a,d), (b, c) € G such that a < b < ¢ <d we have that

W(a,d) <W(b,c), (39)
(P3) v(0,1)=0, ¥(,1)=1and ¥(0,0) =1.

Remark 2. Similarity measure sy : Eg — [0, 1] meets the assumptions of the Theorem | if ¥ : G — [0, 1] is contin-
uous in the whole domain and G is convex.

Remark 3. All fuzzy equivalences defined by Fodor and Roubens [18] meet (W1)—(¥3).

Lemma 3. Let G be a convex subset of [0, 112 which satisfy (G1) and (G2). For any implication operator I, contin-
uous on G, co-implication operator (see [22]) V : G — [0, 1] given by

W(a, b) = min (I(a,b), I(b,a)) (40)
fulfills properties (W1)—(W3).
Proof. (W1) This is fulfilled for any implication /.

(W2) Let assume that (a,d), (b,c) € G and a < b < ¢ < d. From basic properties of implication operator we know
that when x <y

I(x,y)=1(y,x). 41
This allows us to observe that

W(a,d)=1(d,a)and W(b,c) =1(c, b). (42)
Now we only need to observe that again due to monotonicity of 7

V(a,d)y=1(d,a) <I(c,a) <I(c,b)=V¥(,c). (43)
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Table 2

Fuzzy Sets and Systems 431 (2022) 160-177

Co-implication operators obtained from nine basic implication operators.

Implication name I(x,y) Y(x,y)
Lukasiewicz, Iy g min(1,1 —x+y) 1—|x—y|
1, < 1, =
Godel, Igp =Y . =Y
Y, x>y min(x, y), x#y
Reichenbach, Irc 1—x+xy 1 — max(x, y) + xy
inx, y). l—x<
Kleene-Dines, Ixp max(l —x, y) an(x Y) =Y
min(l —x,1—y), 1—x>y
G P I, x<y L x=y=0
oguen, Igg inCx.y
%, x>y %, x#0,y#0
1 <y lLx=
Rescher, Irg = =Y
0, x>y 0, xX#y
1, =y=0 1, =y=0
Yager, Iyg =Y . =Y
¥y, x,y>0 min(xY, y¥), x,y>0
1, x<1 1, x,y<l1
‘Weber, ]WB )
y, x=1 min(x,y), x=lory=1
1—x, y<min(x,1—x)
1, < s 1—
Fodor, Ixp =y Y rEy=y
max(l —x,y), x>y 1—-y, x<y<l—x
X, y>max(x, 1 —x)
(W3) Using basic properties of implication operator I we have that
Y0, 1) =min(/(0, 1), 1(1,0)) =min(/(0,1),0) =0, 44)
v(0,00=1(0,0)=1, (45)
W, D)=I(,1)=1. O (46)

Lemma 4. Let G be a convex subset of [0, 112 which satisfy (G1), (G2) and such that
(x,y) € G ifand only if (n(x),n(y)) € G. 47
For any implication operator 1, continuous on G, equality index (see [19,20]) W : G — [0, 1] given by
1
W(a.b) = (min (I(a.b). I (b.@)) +min (I (@), n(B)). 1 (1(5). n(@) ) (48)

fulfills properties (W1)—(W3).

It is easy to observe that for SN—implications, co-implication operator and equality index are equivalent. Moreover,
note that W need not be defined in terms of co-implication nor equality index. This opens wide possibilities for research
on the selection of appropriate comparison function. Table 2 and Fig. 3 presents basic implication operators along with
their co-implication operator.

One may ask why both co-implication operators, as well as equality indexes, are based on minimum conjunction.
In the case of fuzzy equivalences, it was proved that co-implication is the only possible formula [18].

Example 1. Co-implication for Reichenbach implication operator defined using product conjunction is the following:

Y(a,b)y=1(a,b)I(b,a)=(1 —x+xy)(1 —y+xy). 49)

This function fails to meet (\W3).
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Fig. 3. Contour plots of co-implication operators obtained from Lukasiweicz (a), Goguen (b) and Reichenbach (c) implication operations.

Example 2. Co-implication for Lukasiewicz implication operator defined using product conjunction is following:

Y(a,b)=1(a,b)I(b,a)=min(1l,1 —x 4+ y)min(l,1 —y+x)=—]a —b| + 1. (50)
This function is equivalent to the operator defined using the minimum conjunction. This observation can be general-
ized to any R-implication and conjunction t-norm.

5.2. Computing the bounding interval of set-valued extension in the TIVHFS case

In this Section, we will first discuss the calculation of the bounding interval in TIVHFS case. The first important
observation is changing the scope of optimization. Instead of optimizing the whole sum, we can optimize per element
of the universe

5(A.B) = mm— D vAw). Bu) = |U| @D min @b, (51)
B B u;elU ui €U peB(u;)

5(A,B) = max— P v(Aw), Bw)) = |U| @ag&eg)q/(a,b). (52)
B B u;jelU uielU beB(u;)

Thanks to the property (W2) we know that

min W(a, b) = min (W(Aw), Be), W(Aw). Bw))). (53)
€A (u;

ZeB(Z,-)

where A, A, B, B represent lower and upper bounds in A and B. This gives a simple formula for direct calculation of
the lower bound. Due to the same property, the upper bound can be also easily computed, similarly as in the case of
Minkowski distance, in O (nklogk) using the Bentley—Ottmann algorithm to find the two closest points in A(x;) and
B(u;). This reasoning also shows that the exact value in the IoFS case can be computed in O (n).

5.3. Computing the exact set-valued extension in TIVHFS case

In the following, we will show the general method for calculating the exact value for the wide family of logic-based
similarity measures in the TIVHFS case. To make this possible, some reasonable assumptions must be made. First of
all, W have to be continuous in its domain. Moreover, for computational reasons, we will assume a finite numerical
representation of [0, 1] interval using g different possible values. One may observe that the original calculations may
be converted to the case when only O (nk) unique values in [0, 1] are used as input. For this reason, we will assume
that 8 = O (nk).

Under those assumptions, we can transform the similarity measure in the following way

[s]1(A,B) = @ W(a;, b;) :a; € A(u;), b; € B(u;)
uieU
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=1 P ¢i: ¢ = Wlai, bi), a € Aw;), bi € B(w;)
u;eU

= @¢i:¢ieqbi ) (54)
uielU

where thanks to the continuity of W

i = (Wi, b) s € Awn). b e By = | [¢7.9]]. (55)

1<j<k

for some Qlj and 5{ . Continuing (54) we have that

H=Poticvii={Pas:0e | [¢d]

u; €U u; e 1<j<k
= U {@Do:acoia]ic U |De Do | (56)
1y sdn) \ui€U s odn) | ui€U ujel

1<ji<k 1<ji<k

Now the question is when this set inclusion is actually an equality.

Definition 8. Aggregation operator @: [0, 1]" — [0, 1] is called reducible to interval if for any 0 < ¢, = ¢, <1
P oi:viclo.dilt=| D D (57)
1<i<n 1<i<n 1<i<n
It is easy to see that any additive and homogeneous aggregation operator is reducible to interval. As a result for all
weighted means there is an equality in (56). Following lemma show that median is also reducible to interval. Similar
reasoning can be also used for minimum and maximum aggregation operators.

Lemma 5. Median aggregation operator M : [0, 1]" — [0, 1] is reducible to interval.

Proof. We need to show that

L=| Do Do|c|Dsvic[od]f=r (58)

1<i<n 1<i<n 1<i<n

Let assume that there exists s € L such that s ¢ R. This means that

D o =s= D o (59)

1<i<n 1<i<n
and
s# @D o forany g€ g. ;). (60)
1<i<n

We have two cases:

1. s is too big to be median of any sequence (¢1 -, ¢,), ¢; € [Ql 51]

2. s is too small to be median of any sequence (¢ --- , @), ;i € [Ql., 5,]
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In the first case, for more than half of the indexes it must hold that ¢, < s. But this contradicts the assumption that

s < éa,-. (61)
i=1

Similarly, in the second case, for more than half of the indexes it must hold that ?, > 5. This contradicts the assumption
that

Po, < (62
i=1

which completes the proof. O

Not all aggregation operators are reducible to interval. Consider following example

1, ifVlfisnxiZI,
Agg(xy, -+ ,x,) =140, if Vi<i<p x;i =0, (63)
%, otherwise.

We will limit our considerations only to the operators that are reducible to interval. In that case, logic-based
uncertainty-aware similarity measure can be calculated in two steps:

1. compute ®; for each u; € U using (55),
2. compute [s](A, B) as a finite sum of intervals using (56).

First step can be effectively implemented using two dimensional segment tree [3,16]. First, given the function
W : [0, 1] x [0, 1] — [0, 1] we build the static two-dimensional segment tree that can answer Range Minimum and
Maximum queries. The complexity of this preprocessing is O (%) both in terms of time and memory. Then, because
each ®; is a sum of k intervals, it can be calculated using £ minimum and maximum queries (O (log2 B) each). This in
total requires O (B2 + nk log2 B) operations. An important observation is that after this step, we have O (8?) different
possible values in ®; intervals.

This can be further simplified thanks to the (W2) property. One may observe that

{W(a,b) : aela,albelbbl}= [min(\IJ(g, b), V(@ b), x], (64)
where
W(a, b), b<a,
x=1{w@,b), a<b, (65)

max {\Il(x, x) :max(a, b) <x <min(a, E)} , otherwise.

This allows to use one-dimensional segment tree to calculate the required value.

At this point we can use naive approach to calculate [s](A, B) which will result in O (82 + nklog? g + k™) com-
plexity. Iterating through all possible combinations of intervals that make up all ¥; to calculate the [s](A, B) directly
can be very time consuming, especially when k > 2 and n is large. Unfortunately, it turns out that optimizing this pro-
cedure is difficult in the general case. We can also look at the problem from the other side. Instead of trying to directly
calculate the value of [s](A, B), we can try to answer the question whether given a € [0, 1] belongs to [s](A, B). From
the adopted assumptions, we have only A2 values to check. Besides, the optimization problem has been replaced by a
decision problem.

Unfortunately, in the case of arithmetic mean being the aggregation operator, checking whether a € [s](A, B) is
equivalent to the subset sum problem, which is NP-complete. However, if we use the median, minimum, or maximum,
then all assumptions are still met, and at the same time, a much faster calculation is possible. Besides, the median has
several unique properties useful in many applications, while still being very similar to the arithmetic mean.
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Algorithm 1 Procedure that computes [s](A, B) for median as aggregation operator.

Input: &; for each u; € U represented as a list of intervals, |U| =n is odd
Output: {M(d1,¢2, -, ¢n): Yu;eu i € ;. } as a list of intervals

1: start < NULL

2: previous < —1

3: intervals <0

4: fora €[0, 1] do

5: f<—{i:1§i§n,§i>a}

6: L<—{i:1§i§n,5i<a}

7:  if2-MAX(L|,|L|) <n—1and a € ®; for some i ¢ L UL then
8: if start = NULL then

9: start <—a

10: end if

11: else

12: if start # NULL then

13: intervals < intervals U {[start, previ()us]}
14: start < NULL

15: end if

16: end if

17: previous <—a

18: end for

19: return intervals

To show our approach, we will solve the problem for the median. Analogous methods allow calculating results for
minimum and maximum. The naive approach to answer whether a € [s](A, B) involves iteration through all O (k")
intervals. This can be done much faster thanks to the observation that

a € [s](A,B) if and only if a = M(¢1, @2, -+, ¢,) for some ¢; € ;. (66)

Hence, if 7 is odd, a need to satisfy only two conditions:

1. there exist index i such that a € ®; ang .
2. three disjoint sets of indexes LU LU L ={1,---,n}\ {i} exist, such that Ve, ®; <a, V. @, > a and

|[LI—ILI| < IL]| (67)
If n is even, a need to satisfy:

1. there exists a pair of indexes i, j such that a € {% :xed;,ye®;}and
2. three disjoint sets of indexes LUL UL = {1, ---,n}\ {i, j} exist, such that VieL Q) <a, Ve &, >aand

[IL]—IL|| < IL| (68)

This observation allows to directly construct the Algorithm 1 that will check for all a € [0, 1] whether a € [s](A, B)
with complexity of O(nkB%). When n is even, we need to modify the condition in step 7 to check whether
MAX(IL|,|L))<n—2andae {% xed;,ye CDj} for some i, j ¢ L U L which, in total requires O (n%k*p?)
operations.

The proposed algorithm can be implemented in such a way to avoid computing L and L from the definition in each
step (we can update previous sets in constant time). Checking, whether a € ®;, can also be implemented using the
Interval Tree data structure to require O (lognk) operations.

Very similar reasoning leads to the algorithm for the case of minimum (and maximum) aggregation operator:

a € [s](A,B) if and only if a = min(¢1, ¢2, -, ¢,) for some ¢; € P;. (69)

Hence, a needs to satisfy:
1. there exist index i such that a € ®; and
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2. Via< 61',

Thanks to this, a € [s](A, B) can be computed in O (nklog nk) operations, by calculating minimum of ®; and finding
an union of all nk intervals truncated by this minimum.

6. Conclusions

In the first part of the paper, we discussed our research’s motivation, which is the measurement of similarity under
epistemic uncertainty. Our approach gives a full picture of the similarity of incompletely known information. It allows
reasoning about the amount of uncertainty of compared objects, thus informing about this comparison’s quality. The
properties postulated in previous works led to the set-valued extension computation problem. We showed that those
two approaches: axiomatic proposed by the uncertainty-aware similarity measure and the constructive one with set-
valued extension coincide.

The second part of the paper (Sections 4 and 5) was focused on the computational aspects of set-valued extensions
of similarity measures. We managed to obtain some promising results that allow us to compute similarity effectively.
The main focus was put on the fourth class of F(U) subsets — Typical Interval-Valued Hesitant Fuzzy Sets (TIVHES).
For all analyzed similarity measures, the bounding interval (min/max extension) can be computed in log-linear time.

Particularly interesting results were obtained for the family of logic-based (also called additive) similarity mea-
sures, which use the interpretation of the membership function as the degree of truth. Thanks to their unique properties,
in the IoFS case, it is possible to compute them in linear time, regardless of the equality index and aggregation opera-
tor used. Nevertheless, calculations in the fourth case are still challenging, and further assumptions need to be made.
The selection of the aggregation operator for logic-based similarity measure has a significant impact on the computing
capabilities in the TIVHFES case. The use of arithmetic mean often leads to a subset sum problem, which is known to
be NP-complete. Other aggregation operators were investigated to overcome this issue. Thanks to the use of a median,
minimum, or maximum operator, we obtained polynomial complexity algorithms for exact value computation in the
case of TIVHFS.

As for the areas of further research, we primarily indicate the work on the computational evaluation of the proposed
methods in real-life decision-making problems. Work is currently underway on the use of uncertainty-aware similarity
measures to support medical diagnostics [44], where epistemic data uncertainty is common. We also work on provid-
ing reference implementations of the proposed similarity measures that can be used in other projects. Research on the
use of these measures in other areas of application will be highly desirable. One of the fundamental problems is to
indicate the usefulness of individual equality values in various areas of application.

Another topic of further research is an attempt to provide the necessary conditions that & need to fulfil so that
sy is a similarity measure. The second problem concerns the possibility of defining the uncertainty-aware similarity
measure without using the set-valued extension or providing the general characteristics of all such measures. In this
work, we focused on the computational utility of the proposed methods. Further theoretical analysis of those concepts
can contribute to a better understanding of them and, as a result, further improve computational efficiency.
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