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In this work, we demonstrate the possibility of calculating the speed of sound of Ionic Liquids as a func-
tion of temperature and pressure using the fluctuation-based approach. The density, speed of sound, and
heat capacity at atmospheric pressure are used for the calculations. The collected experimental data from
the ILThermo database were used as input. The high-pressure speed of sound for nine ionic liquids was
used to compare and analyze. Using the proposed method, the relative average absolute deviation is close
to 0.85%.
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1. Introduction

Thermophysical properties of compressed liquids such as com-
pressibilities, thermal expansivity, and heat capacities are quanti-
ties of great interest in several physics and physical chemistry
fields. Thus many studies have been devoted to experimental mea-
surements of the thermophysical properties of liquids and mix-
tures. Significantly, the effect of temperature and pressure on
isothermal and isentropic compressibility, isobaric thermal expan-
sivity, constant volume, constant pressure heat capacities, and
speed of sound has been investigated by experiments for hundreds
of molecular systems and mixtures. The state of any fluid is some-
thing engineering chemists often find it necessary to specify
clearly. Such a specification for even the simplest fluid must
include the amount of substance present, the pressure, and the
temperature. The mathematical relationship that links them is
the equation of state that remains the basis of thermodynamics.
The equations of state were introduced to understand the physical
background of liquids and use practical calculations instead of
extensive direct measurements. The equations of state, and with
them the thermoelastic coefficients, are the starting point for most
thermodynamic problems in the field of application and engineer-
ing in connection with the molecular nature of the described sys-
tems, and the range of their applications is extensive, from
physical chemistry and fluid mechanics, through material engi-
neering to nanotechnology.

However, current knowledge of equations of states in the mean-
ing of practical usefulness indicates that the semi-empirical engi-
neering approach is not entirely correct. It is worth noting that
besides all the attempts and efforts devoted to the formulation of
the versatile equation of state, none of the derived models, up to
date, is efficient enough for the properties prediction of a wide
range of liquids in a wide range of pressure changes, especially
for novel working fluids with new and vastly improved properties.

On the other hand, complicated statistical mechanics apparatus
leads to poor functionality with simultaneous mathematical nature
complication of the model, which closes the possibility of broad,
easy, and fast applicability for engineers. The interesting approach
and the key to explaining these inconsistencies seem to work asso-
ciating the easiness of equations of states from phenomenological
thermodynamics, including the fluctuations phenomenon
described by the statistical thermodynamics tools. It also increases
the possibility of compiling versatile, fully predictive equations of
state.

During this work, we decided to assess the predictive capability
for the high-pressure physicochemical properties, primarily the
speed of sound for Ionic Liquids (ILs), using an extension of the
Fluctuating Equation of State. As has been known for a long time,
ILs are liquid organic salts with different physicochemical proper-
ties and can therefore be used in various fields of science. For
example, ILs can be used as electrolytes in lithium-ion batteries,
organic synthesis, catalysis, solvent extraction, they are applied
to various biochemical processes and many others [1–3].
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It is known that ionic liquids have a complicated chemical
structure and the nature of intermolecular interactions, so the
speed of sound obtained from the experiment under the elevated
pressure often does not meet the thermodynamic coherence crite-
ria. Very often, there are relaxation effects in these liquids, which
lead to the dispersion of the speed of sound, resulting in a non-
thermodynamic speed of sound. This leads to obtaining experi-
mental values not relevant for further thermodynamic modeling.
It should be noted that the equation of state derived by us excludes
the prediction of non-thermodynamic (i.e., incorrect) speed of
sound. Thus, it also verifies the experimental data of speeds of
sound.

The speed of sound as a function of a wide range of thermody-
namic variables is necessary to determine the complete thermody-
namic relations for liquids under high pressure and at elevated
temperatures. Even though the speed of sound is not a thermody-
namic property per se, it is closely related to other thermodynamic
properties of a system [4–7]. Moreover, the pressure dependence
of the speed of sound provides basic information about com-
pressed liquids, both to investigate the nature of molecular and
structural interactions and to obtain thermodynamic properties
for applications in industrial processes. It is also essential for deriv-
ing and then validating many Equations of State of practical
significance.

To date, molecular models belonging to the Statistical Associa-
tion Fluid Theory (SAFT) family are the primary tools used in the
literature to predict the speed of sound of compressed ILs over a
wide range of pressures, and temperatures [8–11]. These models
can exhibit remarkable accuracy in the comprehensive modeling
of liquid properties. On the other hand, the prediction of the speed
of sound is also possible using the recently proposed Daridon’s
method [7]. His approach uses a group contribution method to pre-
dict the speed of sound for high molecular weight n-alkanes and
depict the correlation of speed of sound as a function of tempera-
ture and pressure for pure n-alkane series.

This work is an extension of the existing Fluctuation Equation of
State, which makes it possible to predict the density, the isobaric
thermal expansion coefficient, and isothermal compressibility
[12–14] and, especially, the approach hypothesized and prelimi-
narily tested for the case of simple hydrocarbons and their mix-
tures [15].
2. Materials and Method

2.1. Materials

In this study, we used as a primary source the data publicly
available in the most comprehensive database of raw experimental
measurements of the thermodynamic properties of ionic liquids,
ILThermo (v.2.0). It was convenient to create two datasets for fur-
ther processing for each thermodynamic quantity. The first dataset
contains the information on the experiments themselves, i.e., links
to information sources, information on the components, and the
molar mass of the mixture. The second dataset contains the data
of the results of the experiments used for the processing.

The procedure was implemented via the homemade PYTHON code
for carrying out requests to the online database and saving the
obtained data in Excel spreadsheets for further processing with

MATLAB. The general principle of building such a program realization
is described in detail elsewhere [16]. Thus, we shortly note only the
basic principle of data obtaining.

In order to create the required datasets, it is necessary to
request the server where the experiment data is stored, specifying
the necessary parameters. In our case, we need to specify the num-
ber of mixture components equal to 1 (name on the form: Number
2

of mixture components, the parameter code is named as ncmp) and
the property of interest (name on the form: Property, parameter,
the parameter’s code is prp). For example, one needs to execute
the following program lines to get the speed of sound:

param = ’https://ilthermo.boulder.nist.gov/ILT2/i

lsearch?

cmp=&ncmp = 1&year=&auth=&keyw=&prp = HWGM’

response = requests.get(param)

data = response.json().get(’res’)

head = [’source_code’, ’source_name’, ’property’,
’phases’, ’fluid_code’, ’fluid_code2’,
’fluid_code3’, ’col_point’, ’fluid_name’]

sos_exper = pd.DataFrame(data, columns = head)

The result is a dataset with fields containing the code of an
experiment used in ILThermo (v.2.0), a reference to the experi-
ment, the property, the phase, the component’s code, several mea-
surements, and chemical formulae of components. For further
investigation, we only leave the measurements with the phase
’Liquid.’ Then, we need to obtain the measurement data for each
experiment. A list of experiment codes is generated.

sp_sos_exper_liquid = list(sos_exper_liquid
[’source_code’])

Then queries corresponding to the list of substances was carried
out in a loop, and lists with the obtained data were formed:

for i in range(len(sp_sos_exper_liquid)):
code_exp = sp_sos_exper_liquid[i]
res = requests.get(main_url + ’ILT2/ilset?set=’ +

code_exp)

Once the necessary lists had been created, the datasets were
created and sorted respectively to the lists of unique codes for sub-
stances. For these goals, a list of ionic liquids, for which data on the
speed of sound exist, was determined as follows:

sp_name_fl_unique = sos_exper_liquid
[’fluid_code’].unique()

and further requests refer to the unique codes, e.g.

https://ilthermo.boulder.nist.gov/ILT2/ilsearch?

cmp=

2-hydroxy-N-methylethanaminium

formate&ncmp = 1&year=&auth=&keyw=&
prp = xXKp

After getting all the speed of sound data, we need to get data for
the density (and the isobaric heat capacity at the ambient condi-
tion in the case of those ionic liquids modeled with the FT-EoS-
based approach at high pressures) the selected liquids. In order
to do so, the same steps are followed, but with another required
property, only in the first query for the experiments we have to
substitute the name of the liquid in the loop as well.
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2.2. Extraction of experimental data for further calculations

The set of data on the density, the heat capacity, and the speed
of sound was downloaded from ILThermo with the PYTHON code
operational principles, which are described above. In this particular
case, some additional filters were applied: the check that the
reported pressure does not exceed 102 kPa, i.e., corresponds to
the measurements at ambient conditions, the phase state is strictly
denoted as ”Liquid”, i.e., possible metastable liquids are excluded,
strictly one-component compounds, the presence of a liquid’s code
in both lists (of the density and the speed of sound). Two hundred
different ionic liquids were identified at this stage, and the raw
data were downloaded.

Nevertheless, it should be pointed out that some of these data-
sets contain only a few (or even one unique) points and are not
applicable for the goal of regression by a non-linear function
within an interval of temperatures. Therefore, the secondary check
procedures excluded those liquids for which data reported from
less than four different temperatures reduced the number of differ-
ent ionic liquids to 182 compounds.

However, there is still a problem with the coordination of data-
sets reported in different papers for the same ionic liquid and data
uncertainty because some datasets look extremely scattered as
functions of the temperature. For this reason, the following proce-
dure was applied: since the change of values is not so drastic
within the considered temperature intervals, the linear fitting of
all data belonging to each particular ionic liquid was carried out
(separately for the density and the speed of sound) and data points,
which deviate from this fitting line more than 0.5 % in the relative
average absolute deviation for the density and more than 0.2 % for
the speed of sound, were excluded. Furthermore, an additional
check that the kept values are series, which include not less than
four elements (with possible repeating temperatures for the data
from different sources), was carried out too to assure the possibil-
ity of the further fitting. After this procedure, 139 different ionic
liquids remain on the list.

Finally, it should be pointed out that the model considered
below operates with the thermodynamic qualities, i.e., it applies
to the dispersionless region of ultrasound. For ionic liquids, it is
known, see [17] that dispersion effects start to exhibit themselves
from several hundreds of MHz. The datasets reported in ILThermo
and analyzed in our work do not belong to this range; they explic-
itly stated their frequencies of ultrasound do not exceed 5 MHz; for
those datasets where the frequency is not stated explicitly, the
authors of the original works stated that the speed of sound mea-
surements belong to the dispersionless, i.e., thermodynamic, con-
ditions, for which our model is built.

2.3. Description of the procedure for predicting the speed of sound
under elevated pressure

Among different mathematical models describing the depen-
dence of the speed of sound as a function of the externally applied
pressure [18], one can note that a formula expressing the speed of
sound cubed can be fitted as a linear function of the pressure

c3ðPÞ ¼ c30 þ dsðP � P0Þ ð1Þ
that was first described by Shoitov and Otpushchennikov [19] as an
empiric observation. Here, c0 ¼ cðP0Þ is the speed of sound at atmo-
spheric pressure P0, and ds is a temperature-dependence constant,
which should be defined. Below, in the section Discussion, we pro-
pose a physical picture that leads to such behavior.

For practically all organic liquids, Eq. 1 can be applied up to
about 100–150 MPa and sometimes even for higher pressures
when the liquid is very low compressibility. For larger pressures,
3

one needs to expand the pressure dependence that can be
achieved, e.g., by adding a quadratic component, to obtain even
better accuracy. It is, however, small enough compared to the lin-
ear part but is required when testing liquids above 200 MPa, as dis-
cussed in [20,21,15].

Within the frames of such a fitting procedure, depending on the
pressure range, Eq. (1) can be considered as the first term of a Tay-
lor expansion of the function c ¼ c3ðPÞ along an isotherm

c3 ¼ cðP0Þ3 þ @c3

@P

� �
T;P¼P0

ðP � P0Þ:

In the above equation, the partial derivative can be expressed as:

@c3

@P

� �
T;P¼P0

¼ @c3

@q

� �
@q
@P

� �
T;P¼P0

¼ 3
2
q0j

0
Tc0

@ðqjSÞ�1

@q

 !
T;P¼P0

: ð2Þ

Thus, to estimate the speed of sound at not extremely high pres-
sures, one need to know the speed of sound and the isothermal
compressibility at ambient pressures and, also, the partial deriva-

tive of the speed of sound squared c2 ¼ ðqjSÞ�1 considered as a
function of the density. The isothermal compressibility can be easily
found via the standard thermodynamic equality

j0
T ¼ 1

q0

1
c20

þ Ta2
P;0

CP;0

 !
ð3Þ

when the speed of sound, the density, and the isobaric heat capacity
at constant ambient pressure are known (note that in Eq. (3) and
further, throughout the work, the mass-related quantities (e.g.,
the density and the specific heat capacity) are used); under these
conditions, the isobaric coefficient of thermal expansion is the sim-
ple derivative

aP;0 ¼ 1
q0

@q0

@T

� �
P;0
: ð4Þ

Thus, the main question is in determining the derivative

ð@ðqjSÞ�1
=@qÞT without the usage of the high-pressure data. It is

known [22,23] that considering the speed of sound as a pure func-
tion of the density is not enough for this goal because of the differ-
ent values of the respective derivative along the isothermal and
isobaric paths. On the other hand, the adiabatic reduced fluctuation
parameter

mS ¼ M
RT

1
qjS

; ð5Þ

which is connected with the ratio of pressure fluctuations [24]

< DPð Þ2 >¼ �RT
@P
@V

� �
S

¼ RT
M

@P
@q

� �
S

q2:

in the actual medium and in the hypothetical case where a sub-
stance acts as an ideal gas for the same pressure–temperature-vol
ume (PVT) parameters has the desired invariant property as it has
been shown in the work [15].

It can be expressed as a function of the density only

mS ¼ M
R

c2

T
� M

RT
1
qjS

¼ Kqk; ð6Þ

and this power-law scaling fulfils allows considering derivatives
with respect to the density independently of the fixed either the
pressure or the temperature.

This implies that

dmS
dq

¼ k
M
RT

c2

q
:
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Respectively, along an isotherm, i.e., for T ¼ const, where M=ðRTÞ
does not change and can be omitted,

@ðc2Þ32
@q

 !
T;P¼P0

¼ 3
2
c0

@c2

@q

� �
T;P¼P0

¼ 3
2
k
c30
q0

and the final expression, which will be applied to predict the speed
of sound, takes the form

c ¼ c0 1þ 3
2
j0

Tk P � P0ð Þ
� �1

3

: ð7Þ
3. Results

The principal studies aimed an investigation the possibility of
application of the approach based on the assumption of the linear-
ity of the pressure dependence of the speed of sound cubed (1) and
the power-law scaling of the reduced pressure fluctuations (6) as
the premise for searching the principal control parameter of this
method, can be subdivided into two particular subtasks. The first
one is the test of the validity of Eq. (6) at ambient pressure. Due
to a large number of available experimental data, we analyze the
universality of such dependence and its power-law parameter. As
the next step, we apply the revealed control quantities to the direct
test of the predictive capacity of the expression (7).
3.1. Using experimental data under ambient pressure: a test of the
power-law scaling

The data on the density and the speed of sound filtered as
described in subsection 2.2, were polynomially fitted as functions
of the temperature: if a dataset is short (less than five data points),
the linear fit was applied; otherwise – the quadratic one; for the
sake of numerical stability, the centering and scaling of the data
was applied as an intermediate step during the regression proce-
dure. The resulting approximations of the data and the respective
data themselves are shown in Fig. 1. One can see that the fitting
functions (lines) reproduce the course of data (circles) sufficiently
accurately.
Fig. 1. The temperature dependencies of the density (A) and the speed of sound (B) at am
the complete list of ILS in Supplementary Information). Circles denote experimental dat

4

The data were filtered in such a way that we used them to check
the fulfillment of the power-law dependence on the density, Eq.
(6).

For this purpose, the equispaced sets of the density and the
speed of sound values were calculated with the polynomial
approximations described above from T ¼ 293:15 K to
T ¼ 343:15 K (this interval covers the majority of existing experi-
mental measurements, see Fig. 1(B)), with the step 10 K. Fig. 2 rep-
resents the respective plots, where the experimental-based
quantities are shown as dot. In double logarithmic coordinates
used for demonstrability, one can see that they follow straight lines
lnðmSÞ ¼ ln Kð Þ þ k lnðqÞ ð8Þ
as expected from Eq. (6).
The linear regression (shown as a line for each dataset in Fig. 2)

gives the slope of such a line, i.e., the desired parameter k. Even by
a naked eye, it is visible that all slopes are very similar. The
descriptive statistics confirm this; see the box-and-whiskers plot,
Fig. 3(A), which indicates that they are concentrated within a
rather narrow range. At the same time, there are several outliers
denoted as red pluses, a few already, 7 of 139. This liquids are:
N-methyl-2-oxopyrrolidinium formate, trimethylammonium
hydrogen sulfate, 2-hydroxy-N,N,N-trimethylethanaminium (S)-
2-hydroxypropanoate, N-(2-hydroxyethyl) benzenaminium propi-
onate, 1-hexyl-3-methylimidazolium thiocyanate, 1-ethyl-1-
methylpyrrolidinium ethyl sulfate, and 3-hexyl-1-methyl-1H-
imidazolium bromide. A more detailed investigation of the respec-
tive experimental data revealed that these substances are charac-
terized by a limited number of experimental data, which still
have a rather irregular scattering with high uncertainty around
the fitting polynomials. Therefore, they should be excluded from
consideration from the statistical point of view as requiring addi-
tional experimental measurements aimed at the more reliable
determination of their thermodynamic properties.

Fig. 3(B) demonstrates the distribution histogram for the rest of
132 ionic liquids, which are accepted as based on reliable data;
bins of the histogram are centered in points from 9.25 to 12 with
equal widths of 0.25. It can be stated that the range of change of
k for ionic liquids is quite narrow. The distribution has a clear max-
imum, the model is k ¼ 9:14; the mean value is k ¼ 10:55, close to
bient pressure for 140 ionic liquids (each liquid is marked by a different color, see
a, and lines show linear or quadratic fits in the least mean squares sense.



Fig. 2. The dependence of dimensionless reduced pressure fluctuations on the density in 140 ionic liquids (the color coding is the same as in Fig. 1); dots are values calculated
with the fits of experimental data, and straight lines are the linear fits of the latter considered in the double logarithmic coordinates.

Fig. 3. A standard box-and-whiskers plot describing statistics of the parameter k for all 139 explored ionic liquids (A) and the distribution of k values with excluded outliers
(B).
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the median equal to k ¼ 10:50; the standard deviation is equal to
stdðkÞ ¼ 0:61.
3.2. The results of calculations of the speed of sound in the high-
pressure range

Usually, the experimental data for ILs, the density, and speed of
sound at atmospheric pressure, are much more common than
experimental data for the speed of sound in the high-pressure
range. Our work focused only on experimental data from the
ILThermo database intended to not refer to any data either calcu-
lated or predicted by any model approaches that are not observed
in real measurements. Based on this, the high-pressure values of
speed of sound for nine ILs were collected. The speed of sound of
ILs was predicted and assessed using 589 data points using Eq.
5

(7) with parameters found using only the fitting experimental data
measured at ambient pressure.

Fig. 4 shows an example of such data preprocessing for 1-ethyl-
3-methylimidazolium bis((trifluoromethyl)sulfonyl)imide. It is
worth noting that such a filtering procedure is already necessary
since it is visible that the experimental data are already very scat-
tered, especially on the density, speed of sound, and isobaric heat
capacity. In our approach, large outliers, marked as red ’x,’ some
of which are beyond any reasonable experimental uncertainty,
were excluded from the trend during the evaluation procedure.
The rest of the data were used to calculate parameters of Eq. (7)
and the speed of sound itself with this formula.

Fig. 5 presents a comparison of the pressure dependence of the
speed of sound of 1-ethyl-3-methylimidazolium bis((trifluorome
thyl)sulfonyl)imide between the values calculated via this route
and collected experimental results. We obtained one of the better



Fig. 4. The density, speed of sound, heat capacity as a function of temperature, and the natural logarithm of the square of the speed of sound to temperature as a function of
the natural logarithm of density for 1-ethyl-3-methylimidazolium bis((trifluoromethyl) sulfonyl)imide.

Fig. 5. A comparison of the pressure dependence of the speed of sound between FT-
EoS and collected experimental results for 1-ethyl-3-methylimidazolium bis((tri-
fluoromethyl)sulfonyl)imide for (288, 292, 298, 308 and 318) K from up to down.
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results for this IL, where the average absolute deviations (AAD)
were only 0.1 %.

At the same time, it should be stressed that such a perfect pre-
diction is achieved due to the regularity and consistency of the ref-
erence data used for the determination of the parameters. Our
second example, 1-butyl-3-methylimidazolium hexafluorophos-
phate illustrates this caveat. Fig. 6 indicates that the data provided
6

by different authors are significantly inconsistent that influence
the prediction quality even after removing the most deviating
ones. In this respect, the uncertainty in the pressure and the speed
of sound is most influential for two reasons: 1) the term 1=ðq0j0

TÞ is
leading in Eq. 3 and, respectively, influences the slope of the speed
of sound cubed as a function of the pressure; 2) deviations in the
speed of sound c0 directly lead to the displacements in the whole
set of the resulting CðPÞ as it directly follows from Eq. (7). The latter
fact is the most obvious: among the data c0ðTÞ shown in Fig. 6, one
can see a sequence of points, which follow the dashed line shifted
relatively to other data following the solid line. The fact is that val-
ues at ambient pressure correspond to measurements reported for
high pressures. As a result, the predicted values obtained using the
most consistent regularities in the data at ambient pressure give
the relative average absolute deviations 2:5 % from the experimen-
tally reported values. They are shown in Fig. 7 as solid lines and cir-
cles, respectively. On the other hand, if to refer to the initial values
of the speed of sound, which are 1:5 % less than the other (the
dashed line in Fig. 6), the deviation reduces down to 0:94 %, see
the dashed curves in Fig. 7. The difference in the slope still kept
even, in this case, originates from uncertainty in the density values
forming rather a wide stripe than a line in Fig. 6.

The obtained results for all collected ILs with model character-
istic k, average absolute deviations (AAD), and uncertainties of
experimental data unstrexp are presented in Table 1. By applying
our method, the agreement, well-coordinated with the possibilities
of actual experimental methods, is observed between experimen-
tal and predicted high-pressure speed of sound data for all col-
lected ILs from the ILThermo database. An overall relative
average absolute deviation (RAAD) is close to 0.85 %.



Fig. 6. The density, speed of sound, heat capacity as a function of temperature, and the natural logarithm of the square of the speed of sound to temperature as a function of
the natural logarithm of density for 1-butyl-3-methylimidazolium hexafluorophosphate.

Fig. 7. A comparison of the pressure dependence of the speed of sound between FT-
EoS and collected experimental results for 1-butyl-3-methylimidazolium hexaflu-
orophosphate for (283, 291, 293, 294, 303, 313 and 323) K from up to down.

Table 1
Obtained results for all collected ILs from ILThermo database with model character-
istic k, average absolute deviations (AAD) and uncertainties of experimental data
unstrexp. The maximal pressures are either 100 MPa or 150 MPa.

IL name k AAD
[%]

unsrtexp
[%]

1-butyl-3-methylimidazolium dicyanamide 10.2 1.2 1.4
1-butyl-3-methylimidazolium tetrafluoroborate 10.6 1.2 0.43
1-butyl-3-methylimidazolium

hexafluorophosphate
10.8 2.4 0.53

1-butyl-3-methylimidazolium
hexafluorophosphate

10.8 0.94* 0.53

1-butyl-3-methylimidazolium
trifluoromethanesulfonate

10.4 1.1 1.4

1-ethyl-3-methylimidazolium bis
((trifluoromethyl) sulfonyl)imide

10.2 0.1 0.15

1-butyl-3-methylimidazolium bis
((trifluoromethyl) sulfonyl)imide

10.4 0.16 0.23

1-butyl-1-methylpyrrolidinium bis
((trifluoromethyl) sulfonyl)imide

10.6 0.56 1.1

1-methyl-3-pentylimidazolium bis
((trifluoromethyl) sulfonyl)imide

10.5 0.43 0.2

1-hexyl-3-methylimidazolium bis
((trifluoromethyl) sulfonyl)imide

10.4 0.076 0.47

* When the speeds of sound at ambient pressure are coordinated with the values
provided in the same source as for the high-pressure data, their relative difference
with the data obtained by averaging over all available sources is about 1.5 %.
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4. Discussion

The possibility of an approximate prediction of the speed of
sound in ionic liquids under elevated pressures and on the data
obtained at ambient pressure has premises in two kinds of scaling
dependencies: between the speed of sound and the pressure, and
7

between the thermodynamic fluctuations of thermodynamic quan-
tities and the density.

The first kind of scaling is dated back to the empiric Rao rule,
which was initially detected for the ambient pressure data [25]
in the form
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c1=3

q
¼ K ð9Þ

where K is a compound-specific constant. Later, the similar
expression

c1=3

q
¼ K0 ð10Þ

was found [26] for the dependencies measured along isotherms.
However, it should be pointed out that the parameter K0 included
in Eq. (10) does not coincide with K included in Eq. (9), making
impossible the direct transfer of data from the isobaric to the
isothermal path [22,23]. At the same time, the isothermal functional
form (10) has a more substantial background from the molecular
point of view [27,28]. Note that it can be rewritten as

c3 ¼ K0q9; ð11Þ
whence one needs to consider the relation of the 9th degree of the
density along an isotherm to the pressure applied. Nevertheless,
there is no universal power-law dependence valid for all kinds of
liquids and pressure range [29] although it can be found for very
high pressure. Recently, this fact was explained within the frame
of the two-state model [30], which considers the structural differ-
ence between the loosely and closely packed structure of a liquid
under moderate and high pressures, respectively.

At the same time, there is a more accurate adibatic equation of
state first proposed by Brinkley Jr & Kirkwood [31] and well-
supported further experimental investigations. It has the form
Fig. 8. (A) The plot demonstrating the density scaling of the variable part of the red
(diamonds); comparisons of the predicted and experimental data: (B) for NaNO3 along i
along isobars (25.2, 84.4, 153.0, 227.8, 304.2, and 343.8) MPa ordered down to up; (D) fo
down to up.
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P � P0 ¼ BðSÞ q
q0

� �c

� 1
� �

; ð12Þ

as a direct generalization of the adiabatic equation of state of gases
but here c is not the ratio of heat capacities but some empiric
coefficient.

It is well-known that the entropy of liquid changes more slowly
along isotherms than along the ambient pressure isobar. As a con-
sequence, the expression similar to Eq. (12) is sometimes used for
the isothermal change of the density (Murnaghan’s equation); in
particular, Chueh & Prausnitz [32] considered the dependence

q
q0

� �9

¼ 1þ 9j0
T P � P0ð Þ; ð13Þ

where j0
T is the isothermal compressibility at ambient (or satura-

tion) pressure for several organic liquids.
The same form as Eq. (13) with c ¼ 9� 11 has also been actively

explored more recently [33–35] within the concept of the density
scaling regime of different compressed liquids including ionic ones.
The substitution of Eq. (13) in Eq. (11) gives

c3 ¼ K0q9
0 1þ 9j0

T P � P0ð Þ� �
; ð14Þ

i.e. the same dependence of the speed of sound cubed, which we
used as the principal assumption in our derivation; here K0q9

0 ¼ c30
but the coefficient K0 itself is still indefinite.

At the same time, it is worthy that the more accurate is the iso-
baric equation rather than the isothermal one. Thus, we need to
uced pressure analogues to Fig. 2 NaNO3 (circles), RbNO3 (squares), and CsNO3

sobars (18.6, 100.0, 200.0, and 283.0) MPa ordered from down to up; (C) for RbNO3

r CsNO3 along isobars (23.6, 85.4, 153.1, 227.7, 304.2, and 346.4) MPa ordered from
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operate with relations that are less sensitive to the change in ther-
modynamic path. In this sense, it is crucial that the sound spread is
an adiabatic (isentropic) process and fluctuations of the pressure,
expressed via the speed of sound Eq. 2, and the fluctuations of
entropy are independent [24]. Thus, when we used the fitting of
the reduced pressure fluctuations as a power-law function of the
density along an isobaric path (where the entropy changes signif-
icantly), we are entitled to transfer the obtained power-law index
to the isothermal path. This is the main advantage of our approach,
based on the fundamental statistical physics, over Rao’s (or Rao–
Carnevale–Litovitz’s) approach, which lacks such invariance.

Finally, as a short additional test, we applied our approach to
predict the speed of sound under pressure for molten salts, which,
as ionic liquids, belong to the class of substances with strong ionic
interaction but exist in liquid state in a much more high range of
temperatures. It is worth noting that the number of high-
pressure speed of sound data for molten salts is extremely scarce.
Thus, as an example for this case study we used high-pressure
experimental data for three molten salts, namely i) sodium nitrate,
NaNO3, ii) rubidium nitrate, RbNO3, and iii) cesium nitrate, CsNO3

reported in the work [36]. The full set of thermodynamic data mea-
sured at atmospheric pressure was taken from Refs. [37–40]. The
obtained results for these compounds are shown in Fig. 8 as a com-
parison of the predicted (lines) and the experimental (markers)
values.

The primary question, which should be answered as giving the
principal criterion of validity of the model (7), is whether the
reduced pressure fluctuations scale as a power-law function of
the density. Fig. 8 positively answers this question: for NaNO3

and RbNO3 linearity of the fit looks perfect, the situation CsNO3

is less accurate but still acceptable. Note that the original experi-
mental data for this molten salt are also more scattered compared
to two others that may originate from complications with the mea-
surements at higher temperatures. The values of the scaling
parameter k are equal to 7.12, 7.24, and 6.04 for NaNO3;RbNO3,
and CsNO3, respectively. These values are less than for room-
temperature ionic liquids shown in Fig. 3. This fact is in line with
the observation that the classic isobaric Rao’s parameter is less
than most molecular liquids, as discussed in Ref. [37].

However, these diminished values of the scaling parameter do
not prevent the possibility of predicting the speed of sound in mol-
ten salts at elevated pressures, even up to the higher pressures in
comparison with room-temperature ionic liquids, as one can see
in Figs. 8 (B)–(D). Note that the data are represented along isobars
correspondingly to the procedure of measurements and raw exper-
imental data reported in Ref. [36]. The AADs for NaNO3;RbNO3, and
CsNO3 are 0.77 %, 1.02 %, and 1.20 %, respectively. We would like to
highlight that uncertainty of experimental data themselves is
about 1 %. Therefore the predictions are in the range of uncertainty
of the measured values (also note a visible scattering of the latter
in Figs. 8 (B)–(D)).

Thus, we can conclude that the strong ionic interactions and
high temperatures do not hinder the use of the proposed methods,
as demonstrated by its application to molten salts.
5. Conclusions

In light of this work, one can conclude that the proposed
method can truly predict the speed of sound of ILs under high-
pressure conditions with high accuracy. The density, speed of
sound, and isobaric heat capacity at atmospheric pressure were
used for the calculations. The modifications and modeling of the
equation of state based on the fluctuation theory for first density,
isobaric thermal expansion coefficient, isothermal compressibility,
and second speed of sound are the strong fundaments of useful
9

equations of state for the prediction various thermophysical prop-
erties. It is worth noting that this proposed model of fluctuation
equation of state based on the knowledge of simple physicochem-
ical properties obtained from an uncomplicated experiment at
atmospheric pressure correctly predicts the thermodynamic prop-
erties of compressed liquid phase without prior knowledge of any
properties of the tested object under elevated pressure. At the
same time, we need to attract attention to the fact that such an
approach requires establishing the consistency of the respective
experimental data because the predictive capacity of the model
at high pressures is heavily dependent on the accuracy of inputs
used for the calculation of its parameters. This mathematical
model will be, in the future, the starting point for the construction
of relatively easy calculation tools for full and proper thermody-
namic descriptions of compressed liquids.
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