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A model for random fire induced tree-grass
coexistence in savannas

Abstract Tree-grass coexistence in savanna ecosystems depends strongly on envi-
ronmental disturbances out of which crucial is fire. Most modeling attempts in the
literature lack stochastic approach to fire occurrences which is essential to reflect
their unpredictability. Existing models that actually include stochasticity of fire are
usually analyzed only numerically. We introduce a new minimalistic model of tree-
grass coexistence where fires occur according to a stochastic process. We use the
tools of the linear semigroup theory to provide a more careful mathematical analysis
of the model. Essentially we show that there exists a unique stationary distribution
of tree and grass biomasses.
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1. Introduction. Savanna covers around 20% of the Earth’s land sur-
face. It is a mixed woodland-grassland ecosystem with canopy open enough to
support the existence of continuous herbaceous layer dominated by grass. In
order to find the explanation of such tree-grass codominance many theoret-
ical models were introduced. Beside the interspecies competition (e.g. [11]),
this coexistence is believed to have been driven by various environmental dis-
turbances, primarily rainfall (e.g. [17], [15]), grazing and browsing (e.g. [6]),
and fire [14]. Some models consider additional factors like the competition
of tree seedlings with grass [2] or varying flammability of trees [3]. From the
mathematical point of view, models containing many different factors lack
stochasticity and differ in methodology (see e.g. the loop analysis for graphs
in [6] or models based on impulsive differential equations [16], [18]).

Realistically, the appearance of fire is stochastic and its frequency can vary
significantly [1]. Usually studies with stochastic fire focus on the numerical
analysis (see e.g. [10], [2], [4], [9], and [15]). We introduce a simple model where
fire occurrences are stochastic and study it in terms of the linear semi-group
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theory. We find that biomasses of grass and trees have a unique stationary
distribution and hence this simple model can describe stable savannas driven
by stochasticity of fires.

2. Model description. Our model is based on a simplified version of
the system of differential equations given in [4], but instead of putting fire
disturbances inside these equations we introduce an appropriate stochastic
process separately. Similarly to the cited authors we consider only amounts
of tree and grass biomasses, fires are events discrete in time, and the strength
of grass-fire feedback depends on biomass of grass.

In the absence of fires we represent the dynamics of tree biomass W and
grass biomass G (both in mass

area units) according to the competition model W ′(t) = rwW (t)
(

1− W (t)
Kw

)
,

G′(t) = rqG(t)
(

1− G(t)
Kg
− W (t)

Kw

)
,

(1)

where rw, rg are the growth rates and Kw,Kg are the carrying capacities
for tree and grass biomasses. It is easily seen that (1) has three stationary
states: (0, 0), (Kw, 0) and (0,Kg). Moreover, the point (Kw, 0) is locally stable,
while the points (0, 0) and (0,Kg) are unstable. So the system of equations (1)
provides a deterministic description of the change of wood and grass biomasses
in time where in the long time, due to species competition, the system will end
up as a woodland. The solution curves for the system (1) have the qualitative
behavior as shown in Figure 1.

Kg

Kw

Kg

Kw

Figure 1: Phase portraits for (1) with parameter values rw = 0.08, rg = 1.5
(left-hand panel) and rw = 0.25, rg = 0.5 (right-hand panel), Kw = Kg = 1

Instead of using the amount of biomasses we will relate in our model to
ratios of these amounts to maximal capacities of wood and grass, respectively:

w(t) =
W (t)

KW
, g(t) =

G(t)

KG
.
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Thus w(t) and g(t) take values in the unit interval, i.e. 0 6 w(t), g(t) 6 1 for
any time t. We now allow disturbances of the growth of biomasses due to fires
occurring at random times (tn)n>1. Let t0 = 0 and w(t0) = w0, g(t0) = g0,
where w0, g0 ∈ [0, 1] are arbitrary. In periods between fire occurrences the
growth of the normalized tree and grass biomasses is modeled with{

w′(t) = rww(t)
(
1− w(t)

)
,

g′(t) = rgg(t)
(
1− g(t)− w(t)

)
,

(2)

for t ∈ (tn, tn+1), n > 0, and a sequence of random variables (τn) such that{
tn+1 = tn + τn+1,

Pr
(
τn+1 > t|w(tn) = wn, g(tn) = gn

)
= e−

∫ t
0 λ(πs(wn,gn))ds,

(3)

where πt(wn, gn) = (w(t), g(t)) is the solution of (2) with the initial condition
(wn, gn) and λ is a nonnegative bounded continuous function. At each time
tn+1 the loss of biomasses is given by{

w(tn+1) = w(t−n+1)−Mw w(t−n+1),
g(tn+1) = g(t−n+1)−Mg g(t−n+1), n > 0,

(4)

where Mw,Mg ∈ (0, 1) are constants, v(t−) = lims→t− v(s) for v ∈ {w, g}.
We assume that the function λ : [0, 1]2 → R+ satisfies

λ(w, 0) = 0, w > 0, λ(w, g) > 0 for w > 0, g > 0. (5)

In Figure 2 we display graphs of wood and grass biomasses in time, with-
out and with fires. A sample behavior of the overall system in the long run
including losses due to random fires is shown in Figure 3.
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Figure 2: Graphs of system (1) (left-hand panel) and of system (2)–(4) (right-
hand panel) with parameter values rw = 0.25, rg = 0.5, Mw = 0.4, Mg = 0.1,
λ(w, g) = g and initial condition w0 = 0.1, g0 = 0.2
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Figure 3: Sample trajectories of the stochastic process in (2)–(4) with param-
eter values rw = 0.25, rg = 0.5, Mw = 0.4, Mg = 0.1, λ(w, g) = g and initial
condition w0 = 0.01, g0 = 0.2

The process ξ(t) = (w(t), g(t)), t > 0, with w, g as in (2)–(4), is a piecewise
deterministic Markov process ([8]) with state space [0, 1]2. It is an example of
a flow with jumps as presented in [13, Section 4.2.4]. We describe the jumps
of the stochastic process by a linear transformation S mapping (w, g) 7−→
S(w, g), where

S(w, g) = ((1−Mw)w, (1−Mg)g), (w, g) ∈ [0, 1]2. (6)

Let p(t, w, g) be the probability density of (w(t), g(t)), i.e. p is nonnegative,
Borel measurable, and satisfies

Pr((w(t), g(t)) ∈ B) =

∫
B
p(t, w, g)dwdg

for any Borel subset of [0, 1]2 with the integral being equal to one for B =
[0, 1]2. Then p is a solution of the following Fokker-Planck type equation

∂p(t, w, g)

∂t
+
∂
(
rww(1− w)p(t, w, g)

)
∂w

+
∂
(
rgg(1− g − w)p(t, w, g)

)
∂g

= −λ(w, g)p(t, w, g) +
λ
(
S−1(w, g))

)
p
(
t, S−1(w, g)

)
(1−Mw)(1−Mg)

, (7)

where S−1 is the inverse of the transformation S defined in (6). Equation (7)
is supplemented with the initial condition

p(0, w, g) = f(w, g), where
∫ 1

0

∫ 1

0
f(w, g) dwdg = 1 (8)

and f is a nonnegative Borel measurable function, so that f is the probability
density of (w(0), g(0)). We have the following result - its proof will be given
in the next section.
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Theorem 2.1 There exists a unique density p∗(w, g) which is a stationary
solution of (7). Moreover, every solution of (7)–(8) converges to p∗, i.e.

lim
t→∞

∫ 1

0

∫ 1

0

∣∣p(t, w, g)− p∗(w, g)
∣∣dwdg = 0.

Remark 2.1 Let w0, g0 ∈ [0, 1] and w(t), g(t) be as in (2)–(4). If w0 > 0 and
g0 = 0 then g(t) = 0 for all t > 0. In this case, assumption (5) implies that
fire can not occur when there is no grass biomass. Hence, w is defined for all
t as the solution of the differential equation w′(t) = rww(t)(1 − w(t)) with
initial condition w(0) = w0. Thus w(t) > 0 for all t > 0 and w(t) converges to
1 as t→∞. Consequently, the point measure δ{(1,0)} is an invariant measure
for the process ξ. Similarly, if w0 = 0 and g0 = 0 then w(t) = 0 and g(t) = 0
for all t > 0. Thus also the point measure δ{(0,0)} is an invariant measure for
the process ξ. Finally, if w0 = 0 and g0 > 0 then w(t) = 0 and g(t) > 0 for
all t > 0. In this case, the process ξ has an invariant distribution which is a
product of δ{0} and an absolutely continuous measure, see Remark 3.1.

Remark 2.2 If instead of (3) we have tn+1 = tn + τ , n > 0 where τ is a
constant then such a model is an example of an impulsive system [16, 18].

3. Existence and uniqueness of tree and grass biomasses distri-
bution. Methods in this section are mostly taken from the book [13]. To
prove Theorem 2.1 we use the method from [13, Section 6.3.2]. We begin by
recalling some notions for stochastic semigroups. Let the triple (X,Σ,m) be a
σ-finite measure space. Denote byD the subset of the space L1 = L1(X,Σ,m)
which contains all densities

D = {f ∈ L1 : f > 0, ‖f‖ = 1}.

A linear mapping P : L1 → L1 is called a Markov or stochastic operator if
P (D) ⊂ D. A family {P (t)}t>0 of stochastic operators which satisfies condi-
tions:

1. P (0) = id, P (t+ s) = P (t)P (s) for s, t > 0,

2. for each f ∈ L1 the function t 7→ P (t)f is continuous,

is called a stochastic semigroup.
Consider a stochastic semigroup {P (t)}t>0. A density f∗ is called invariant

if P (t)f∗ = f∗ for each t > 0. The stochastic semigroup {P (t)}t>0 is called
asymptotically stable if there is an invariant density f∗ such that

lim
t→∞
‖P (t)f − f∗‖ = 0 for f ∈ D.

We will use a result of Pichór and Rudnicki [12] (see also [13, Theorem
5.6]) which requires the following conditions:
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(K) For every y0 ∈ X there exist ε > 0, t > 0, and a measurable function
η > 0 such that

∫
η(x)m(dx) > 0 and

P (t)f(x) > η(x)

∫
B(y0,ε)

f(y)m(dy),

where B(y0, ε) = {y ∈ X : ρ(y, y0) < ε}.

(WI) There exists a point x0 ∈ X such that for each ε > 0 and for each
density f we have∫

B(x0,ε)

P (t)f(x)m(dx) > 0 for some t = t(ε, f) > 0.

(WT) There exists κ > 0 such that

sup
F∈F

lim sup
t→∞

∫
F
P (t)f(x)m(dx) > κ

for f ∈ D0, where D0 is a dense subset of D and F is the family of all
compact subsets of X.

Theorem 3.1 Let {P (t)}t>0 be a stochastic semigroup on L1(X,Σ,m), where
X is a separable metric space, Σ is the σ-algebra of Borel subsets of X, and m
is a σ-finite measure. Assume that {P (t)}t>0 satisfies conditions (K), (WI),
and (WT). Then the semigroup {P (t)}t>0 is asymptotically stable.

Now we are ready to prove the main theorem.

Proof (of Theorem 2.1) Let X = (0, 1]2 and m be the two-dimensional
Lebesgue measure on X. It follows from [13, Section 4.2.4] that the process
ξ(t), t > 0, induces a stochastic semigroup {P (t)}t>0 on L1 = L1(X,Σ,m)
and that the solution of (7)–(8) is given by p(t, w, g) = P (t)f(w, g), t > 0,
(w, g) ∈ X. To apply Theorem 3.1 we need to check conditions (K), (WI),
and (WT).

We first show that condition (WT) holds. The extended generator L̃ of
the process ξ is of the form

L̃V (x) = 〈b(x), gradV (x)〉+ ϕ(x)(V (S(x))− V (x)) for x = (w, g),

where gradV (x) is the gradient of V (x) and b(x) is the vector with coordinates

b1(x) = rww(1− w), b2(x) = rgg(1− w − g), x = (w, g).

The domain D(L̃) of the extended generator L̃ (see [8] or [13, Section 2.3.6])
contains the set of functions V : X → R such that for each x ∈ X the function
t 7→ V (πt(x)) is absolutely continuous and for each t > 0, x ∈ X, we have

E
(∑
tn6t

∣∣V (ξ(tn))− V (ξ(t−n ))
∣∣∣∣∣ξ(0) = x

)
<∞.
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Let V (w, g) = − logw− log g. Since we have V (ξ(tn))−V (ξ(t−n )) = − log(1−
Mw)− log(1−Mg) for any n, we see that V belongs to D(L̃) and that

L̃V (w, g) = −rw(1−w)− rg(1−w−g)−λ(w, g)(log(1−Mw)+ log(1−Mg)).

The function L̃V is bounded on (0, 1]2 and L̃V (w, g)→ −rw−rg as ‖(w, g)‖ →
0, where ‖ · ‖ denotes a norm in R2. Thus we can find a δ ∈ (0, 1) such that
L̃V (w, g) 6 −(rw + rg)/2 for ‖(w, g)‖ < δ. Moreover, we have∫

X
L̃V (x)f(x)m(dx) =

∫
X
V (x)Af(x)m(dx), f ∈ D(A) ∩ DV ,

where f ∈ DV iff
∫
X V (x)|f(x)|m(dx) <∞ and (A,D(A)) is the generator of

the semigroup {P (t)}t>0. We conclude that V is a Hasminskĭı function for the
semigroup {P (t)}t>0 and the compact set F = {(w, g) ∈ X : ‖(w, g)‖ > δ}
implying that condition (WT) holds, by [13, Corollary 5.8].

To check condition (K) take x0 ∈ X and define x1 = S(x0), x2 = S(x1),

v1 = S′(x1)S
′(x0)b(x0)− b(x2), v2 = S′(x1)b(x1)− b(x2). (9)

Since S is a linear transformation, we have

v1 = S2(b(x0))− b(S2(x0)), v2 = S(b(S(x0))− b(S2(x0)),

where S2(x) = S(S(x)). It is easily seen that vectors v1 and v2 are linearly
independent for each x0 ∈ X. Since the function λ is strictly positive on
(0, 1]2, we conclude that condition (K) holds (see e.g. [13, Section 6.3.2] or [5,
Section 4]).

Finally, if we prove that there exists x0 such that for each ε > 0 and x ∈ X
we can find n and times s1, . . . , sn, sn+1 > 0 such that πsn+1(xn) ∈ B(x0, ε),
where

xn = S(πsn(. . . S(πs1x))), (10)

then condition (WI) holds. To this end, we note that the point (0, 1) is a
saddle point for the two-dimensional system (2) considered on R2. Its stable
manifold is the set {(0, g) : g > 0} and its unstable manifold contains a curve
joining the point (0, 1) with the stable point (1, 0), see Figure 1. Let us take
x0 ∈ X from this curve lying close to the point (1, 0). For any point x ∈ X
we can find n and s1, . . . , sn > 0 such that xn defined as in (10) is as close to
(0, 0) as is needed. Since πsy → (1, 0) for y ∈ (0, 1)2, we can find sn+1 such
that πsn+1xn ∈ B(x0, ε), which completes the proof. �

Remark 3.1 The process ξ restricted to the set {(0, g) : g ∈ (0, 1]}, con-
sidered with measure being the product of δ{0} and the Lebesgue, induces a
stochastic semigroup on L1({0} × (0, 1]). Using the same type of argument
as in the proof of Theorem 2.1 it can be shown that this semigroup satisfies
conditions (K), (WI) and (WT), thus this semigroup is asymptotically stable,
implying the existence of the invariant measure mentioned in Remark 2.1.
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4. Discussion. We showed that there exists the unique, absolutely con-
tinuous with respect to the two-dimensional Lebesgue measure, stationary
distribution for the positive amount of grass and wood biomasses. The sta-
tionary density is strictly positive in the region bounded by the axes and the
unstable manifold of the point (0, 1), in particular in a neighborhood of the
line {(w, 1− w) : w ∈ (0, 1]}, showing that the coexistence of trees and grass
is possible. Finding the actual shape of this distribution, numerical analysis,
and further improvements of the model by adding more coefficients reflecting
real-world factors regulating savanna biomasses we leave for future work.

Moreover such an analysis can be implemented in models describing dif-
ferent phenomena involving random fires, such as the impact of forest fires on
population of pines and bark beetles. Modeling attempts usually are deter-
ministic (see e.g. [7]) and hence could benefit from involving stochastic nature
of fire.
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Streszczenie Sawanny zajmują ok. 20% lądowej powierzchni Ziemi. W tym ekosys-
temie korony drzew są na tyle oddzielone od siebie nawzajem, że do podłoża dociera
wystarczająco dużo światła, aby utrzymywała się równomierna warstwa traw. Takie
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długotrwałe współistnienie traw i drzew, czyli brak konwersji do łąki lub lasu, jest
możliwe dzięki różnym czynnikom. Uważa się, że najważniejsze z nich to powtarza-
jące się pożary, obfitość pory deszczowej oraz uszczuplanie warstwy roślinnej przez
roślinożerców i działalność człowieka. Większość dotychczasowych modeli koegzy-
stencji traw i drzew jest deterministyczna, jeżeli już przyjmuje się stochastyczne
występowanie pożarów lub deszczu, to zazwyczaj w bardzo uproszczonej formie,
a analiza jest przeprowadzana numerycznie.
W tym artykule wprowadzamy uproszczony model, składający się z układu równań
różniczkowych, opisujących wzrost traw i drzew w czasie oraz procesu stochastycz-
nego, odpowiadającego za losowe pojawianie się pożarów. Analizujemy ten proces,
korzystając z metod teorii półgrup liniowych, co pozwala nam pokazać, że star-
tując z dowolnego rozkładu początkowego biomasy traw i drzew, po odpowiednio
długim czasie rozkład tych biomas się stabilizuje. Istnieje jedyny (absolutnie ciągły
względem dwuwymiarowej miary Lebesgue’a) taki rozkład stacjonarny. Planujemy
rozbudować zaproponowany model o dodatkowe czynniki środowiskowe wymienione
wcześniej oraz konkurencję o zasoby pomiędzy trawami a sadzonkami drzew. Po-
nadto podobne uwzględnienie stochastycznej natury występowania pożarów można
uwzględnić w modelowaniu innych zjawisk przyrodniczych jak związek pomiędzy po-
żarami lasów a populacją żywiących się korą sosen chrząszczy.

Klasyfikacja tematyczna AMS (2010): 92D40; 60J25; 92D25.

Słowa kluczowe: sawanna, ekologia, sprzężenie zwrotne, koegzystencja roślin, mode-
lowanie stochastyczne, kawałkami deterministyczne procesy Markowa.
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