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FACTORIZABLE ELECTROWEAK ONE-LOOP
CORRECTIONS TO TOP QUARK PAIR PRODUCTION

AND DECAY IN e+e− COLLISIONS∗ ∗∗

Karol Kołodziej†, Adam Staroń‡
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We discuss an influence of the quantum electrodynamics corrections
due to the initial state radiation in the structure function approach and
factorizable electroweak O(α) corrections in the pole approximation on the
standard model predictions for top quark pair production and decay into
six fermions at a linear e+e− collider. The discussion is illustrated with nu-
merical results for one selected six-fermion reaction e+e− → bνµµ+b̄µ−ν̄µ.

PACS numbers: 12.15.Lk, 13.40.Ks, 14.65.Ha

1. Introduction

The process of top-quark pair production

e+e− → tt̄ (1)

at the future e+e− International Linear Collider (ILC) [1] will be measured
as a dominant contribution to six-fermion reactions of the form

e+e− → bf1f̄
′
1b̄f2f̄

′
2 , (2)

where f1, f
′
2 = νe, νµ, ντ , u, c and f ′

1, f2 = e−, µ−, τ−, d, s. How the top quark
pair production contributes to reactions (2) is illustrated in Fig. 1(a), where
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the two dominant ‘signal’ Feynman diagrams which contain two resonating
top-quark propagators are shown. On the other hand, the diagrams depicted
in Fig. 1(b) and 1(c) are examples of many other, typically several hundred,
Feynman diagrams which also contribute to (2) already in the lowest order of
the standard model (SM). As these diagrams contain either one or none top
quark propagator, they constitute the off resonance background contribution
to the top quark pair production.

e�
e+ ; Z �b�t �f 02f2t W+W� �f 01f1b

(a) e��e
e+ W+ �bt b f1�f 01W� �f 02f2(b) e�e+ ; ZW+ �f 01f1W� b W��t �b f2�f 02()

Fig. 1. Examples of Feynman diagrams of reaction (2): (a) “signal”, (b) and (c)

“background” diagrams.

As measurements of the top quark pair production at the ILC are ex-
pected to reach a very high precision level of 1%, or even higher, the SM
theoretical predictions are supposed to match that high precision level. This
obviously requires taking into account radiative corrections in the predictions
for the six fermion reactions (2). The task of calculating full electroweak
(EW) O(α) correction to any of reactions (2) does not seem to be solvable
at present, mainly because of 8 external particles and a large number of the
contributing Feynman diagrams. For example, in the unitary gauge, with
neglect of the Higgs boson couplings to fermions lighter than a b-quark, re-
actions e+e− → bνµµ+b̄dū, e+e− → bνµµ+b̄µ−ν̄µ, and e+e− → bud̄b̄dū get
contributions from 264, 452, and 1484 Feynman diagrams, respectively.

In this lecture, we will discuss an alternative simplified approach to the
problem of improving precision of the SM lowest order predictions for (2)
that has been first proposed in [2] and recently accomplished in [3].

2. Calculation scheme

The approach developed in [3] relies on an observation that the double-
resonant signal contribution, represented by the diagrams of Fig. 1(a), dom-
inates the lowest order total cross section of any channel of (2) in a wide
range of the center of mass energies, starting from a few GeV above the top-
pair production threshold up to the energies of a few TeV [4–6]. Therefore,
it seems natural to include the factorizable EW O(α) corrections just to the
two ‘signal’ diagrams and to utilize a pole approximation, similar to that
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which had been developed in the context of the W -boson pair production at
LEP2 [7] and for the Higgsstrahlung at a linear collider [8], and the leading
quantum electrodynamics (QED) corrections due to the initial state radia-
tion (ISR) in the structure function approach. The corrections are included
in the differential cross section for (2) according to the following master
formula

dσ =

1
∫

0

dx1

1
∫

0

dx2 Γ
LL
ee (x1, s)Γ

LL
ee (x2, s) dσBorn+FEWC (x1p1, x2p2) , (3)

where x1p1 (x2p2) is the four momentum of the positron (electron) after
emission of a collinear photon, Γ

LL
ee (x, s) is the structure function in the

LL approximation which is given by Eq. (67) of [9], with ‘BETA’ choice
for non-leading terms and the splitting scale equal to s = (p1 + p2)

2, and
dσBorn+FEWC is the cross section including the factorizable EW O(α) cor-
rection in the pole approximation. It is calculated at the reduced center
of mass (CM) energy corresponding to s′ = x1x2s, with the neglect of the
electron mass, according to

dσBorn+FEWC =
1

2s′

{

|MBorn|2 + 2 Re
(

M∗
tt̄

δMtt̄,FEW

)

}

dΦ6f , (4)

where MBorn is the Born matrix element of reaction (2), Mtt̄ and δMtt̄,FEW

is, respectively, the lowest order amplitude of the ‘signal’ Feynman diagram
of Fig. 1(a) and the corresponding factorizable EW O(α) correction, both
in the pole approximation. The overlines in (4) denote, as usual, an initial
state particle spin average and a sum over final state particle polarizations,
and dΦ6f is the Lorentz invariant six-particle phase space element.

The matrix element MBorn for a given channel of (2) is calculated with
a program eett6f [10] taking into account a complete set of the lowest
order Feynman diagrams. The corrections that we take into account in
δMtt̄,FEW are illustrated diagramatically in Fig. 2. The diagram in Fig. 2(a)
represents the one-loop EW correction to the process of on-shell top-quark
pair production (1), which is calculated numerically with a subroutine based
on a program topfit [11]. The latter reproduces successfully results of
both earlier [12] and more recent calculations [13] of the EW corrections to
reaction (1). The EW one-loop corrections to the top- and antitop-quark
decay are represented by the diagrams in Figs. 2(b) and 2(d), while the
EW one-loop corrections to the W+ and W− decay are illustrated by the
diagrams in Figs. 2(c) and 2(e). The decay corrections are calculated with
newly written subroutines of eett6f which reproduce results for the EW one-
loop corrected top-quark [14] and W -boson [15] decay widths. An interested
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Fig. 2. Factorizable EW corrections to reaction (2).

reader is referred to [3] for the analytic form of these corrections and other
details of the calculation. Here we recall only how the pole approximation is
defined. It is obtained by the following replacements for the top-, antitop-
quark and W -boson propagators in the amplitudes corresponding to the
diagrams of Fig. 1(a) and Fig. 2

p/ + Mt

p2 − M2
t

→
∑

σ u (p′, σ) ⊗ ū (p′, σ)

p2 − M2
t

, (5)

−q/ + Mt

q2 − M2
t

→ −
∑

σ̄ v (q′, σ̄) ⊗ v̄ (q′, σ̄)

q2 − M2
t

, (6)

−gµν +
kµkν

M2
W

k2 − M2
W

→
∑

λ εµ (k′, λ) εν (k′, λ)

k2 − M2
W

, (7)

where the spinors u (p′, σ) and v (q′, σ̄) of the top- and antitop-quark, and
real polarization vectors ε (k′, λ) of the W+ and W− bosons are given in
terms of the projected four momenta p′, q′ and k′ which satisfy the on-
shell relations p′2 = q′2 = m2

t and k′2 = m2
W . They are obtained from the

actual four momenta p, q and k of top-quark, antitop-quark and W -boson
propagators with a projection procedure that has been described in [3]. In
Eqs. (5) and (7), Mt and MW are complex masses defined according to

M2
t = m2

t − imtΓt, M2
W = m2

W − imW ΓW , (8)

with the constant widths Γt and ΓW introduced in order to regularize on-
shell poles of the corresponding lowest order propagators. Substitution (8) is
done only in the denominators of the corresponding lowest order propagators
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and not in the one-loop amplitudes. Let us note that also the sums over the
top-, antitop-quark and W -boson polarizations in the numerators of (5)–(7)
result in real masses. However, this does not violate the substitution rule
of (8), as substitutions (5)–(7) are done only in the factorizable one-loop
correction term of (4).

The calculation of the EW factorizable corrections to reaction (2) in the
pole approximation makes sense only if the invariant masses

m345 =

√

(p3 + p4 + p5)
2, m678 =

√

(p6 + p7 + p8)
2 (9)

of the bf1f̄ ′
1 and b̄f2f̄ ′

2 are close to mt each and if

m45 =

√

(p4 + p5)
2, m78 =

√

(p7 + p8)
2 (10)

of the f1f̄ ′
1 and f2f̄ ′

2 do not depart too much from mW . Otherwise the
signal diagrams of Fig. 1(a) stop to dominate the cross section and the
association of the reduced phase space point, at which the EW factorizable
O(α) corrections depicted in Fig. 2 are calculated, with the phase space
point of the full six particle phase space of (2) may lead to unnecessary
distortion of the off resonance background contributions. Therefore in the
following we will impose kinematical cuts on the quantities

δt =
m345

mt
− 1 , δt̄ =

m678

mt
− 1 ,

δW+ =
m45

mW
− 1 , δW− =

m78

mW
− 1 (11)

which describe the relative departures of the invariant masses of (9) and (10)
from mt and mW , respectively.

The 14-fold phase space integral in (4) is calculated numerically using a
multichannel Monte Carlo approach, with the basic phase space parametriza-
tions given by Eqs. (7)–(9) of [10].

3. Numerical results

We will illustrate the effect of the factorizable EW O(α) corrections de-
scribed in Section 2 on the SM predictions for six fermion reactions relevant
for the top quark pair production and decay at the ILC by showing results
for total cross sections for one specific channel of (2)

e+e− → bνµµ+b̄µ−ν̄µ . (12)

The numerical results presented here have been obtained with exactly the
same values of the physical input parameters as in [3].
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In Fig. 3, we plot the total cross section of reaction (12) as a func-
tion of the CM energy, to the lowest order and with inclusion of different
classes of corrections in the presence of the following cuts on the quantities
δt, δt̄, δW+ , δW− defined in (11)

δt < 0.1, δt̄ < 0.1 , δW+ < 0.1, δW− < 0.1 . (13)

The dashed-dotted line shows the Born cross section, the dotted line is the
cross section including the ISR correction, the dashed line shows an effect
of the factorizable EW correction while the solid line shows an effect of the
combined ISR and factorizable EW correction.

δt, δt̄, δW +, δW − < 0.1

Born + ISR + FEW

Born + FEW

Born + ISR

Born

e+e− → bνµµ+b̄µ−ν̄µ

(fb)

σ

√
s (GeV)

200018001600140012001000800600400200
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2

1

0

Fig. 3. Total cross sections of (12) including different classes of the SM radiative

corrections as functions of the CMS energy.

The corresponding relative corrections

δcor. =
σBorn+cor. − σBorn

σBorn

, cor. = FEW, ISR, ISR + FEW (14)

are plotted in Fig. 4. The dashed line shows the relative factorizable EW
correction. The correction is small and positive a few GeV above the tt̄-pair
production threshold, but already about 20 GeV above the threshold it be-
comes negative and it falls down logarithmically, due to the large logarithmic

terms ∼
[

ln
(

m2
W /s

)]2
and ∼ ln

(

m2
W /s

)

, toward more and more negative
values, reaching 20% at

√
s = 2 TeV. The dotted line shows the relative ISR
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correction, which on the other hand is dominated by large collinear loga-

rithms
[

ln
(

s/m2
e

)]2
and ln

(

s/m2
e

)

. It starts from the value of about −25%
at energies close to the threshold and grows to almost +25% at

√
s = 2 TeV.

Finally, the solid line shows the combined ISR and factorizable EW correc-
tion. The net relative correction is dominated by the ISR: it is large and
negative for energies not far above the threshold and it becomes positive at
high energies, reaching 1.4% at

√
s = 2 TeV.

δt, δt̄, δW +, δW − < 0.1

δISR+FEW

δFEW

δISR

e+e− → bνµµ+b̄µ−ν̄µ

(%)

δ

√
s (GeV)

200018001600140012001000800600400

30

20

10

0

-10

-20

-30

Fig. 4. Relative corrections for reaction (12) corresponding to plots in Fig. 3 as

functions of the CMS energy.

In Fig. 5, we illustrate to which extent cuts on the relative departures
of the invariant masses of (9) and (10) from mt and mW of (11) reduce the
signal cross section of reaction (12). The plots in Fig. 5 show the lowest
order signal cross section of (12), i.e. the cross section obtained with the
two ‘signal’ Feynman diagrams of Fig. 1(a), as a function of the CM energy:
the solid line shows the cross section without any cuts, the dashed-dotted
line shows the cross section in the presence of cuts (13) and the dotted line
the cross section with only the cuts on invariant masses of the top- and
antitop-quark δt < 0.1 and δt̄ < 0.1. We see that the reduction of signal
caused by the invariant mass cuts is not dramatic.
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Fig. 5. “Signal” cross sections of reaction (12), as functions of the CMS energy,

without cuts and with cuts on the invariant masses of the top quarks and both on

the top-quarks and W -bosons.

4. Summary

We have discussed an influence of the quantum electrodynamics correc-
tions due to the ISR in the structure function approach and factorizable EW
O(α) corrections in the pole approximation on the standard model predic-
tions for the top quark pair production and decay into six fermions at the
ILC. The corrections, which have been illustrated with numerical results for
one selected six-fermion reaction (2), are quite sizeable and should be taken
into account in the analysis of the future precision data. Moreover, we have
illustrated how cuts on departures of invariant masses of the top-quarks and
W -bosons, which are necessary in order to make the pole approximation
meaningful, reduce the tt̄ signal cross section. The reduction is not dra-
matic and the high precision study of the top-quark pair production should
be possible at the ILC.
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